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Higher geometry for non-geometric T-duals
Thomas Nikolaus and Konrad Waldorf
Abstract
We investigate topological T-duality in the framework of non-abelian gerbes and higher
gauge groups. We show that this framework admits the gluing of locally defined T-duals,
in situations where no globally defined (”geometric”) T-duals exist. The gluing results
into new, higher-geometrical objects that can be used to study non-geometric T-duals,
alternatively to other approaches like non-commutative geometry.
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1 Introduction
A topological T-background is a principal torus bundle π : E → X equipped with a bundle
gerbe G over E, see [BEM04b, BHM04, BEM04a, BS05, BRS06]. Topological T-backgrounds
take care for the underlying topology of a structure that is considered in the Lagrangian ap-
proach to string theory. There, the torus bundle is equipped with a metric and a dilaton field,
and the bundle gerbe is equipped with a connection (“B-field”). Motivated by an observation
of Buscher about a duality between these string theoretical structures [Bus87], topological
T-backgrounds have been invented in order to investigate the quite difficult underlying topo-
logical aspects of this duality. In [BRS06] two T-backgrounds (E1,G1) and (E2,G2) are defined
to be T-dual if the pullbacks p∗1G1 and p
∗
2G2 of the two bundle gerbes to the correspondence
space
E1 ×X E2
p2
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X
are isomorphic, and if this isomorphism satisfies a certain local condition relating it with the
Poincare´ bundle. The relevance of this notion of T-duality is supported by string-theoretical
considerations, see [FSS18, Remark 6.3]. One of the basic questions in this setting is to decide,
if a given T-background has T-duals, and how the possibly many T-duals can be parameter-
ized. We remark that T-duality is a symmetric relation, but neither reflexive nor transitive.
Other formulations of T-duality have been given in the setting of non-commutative geometry
[MR05, MR06b, MR06a] and algebraic geometry [BSST07], and equivalences between these
three approaches have been established in [Sch07, BSST07].
Topological T-backgrounds can be grouped into different classes in the following
way. The Serre spectral sequence associated to the torus bundle comes with a filtration
π∗H3(X,Z) = F3 ⊆ F2 ⊆ F1 ⊆ F0 = H
3(E,Z), and we classify T-backgrounds by the greatest
n such that the Dixmier-Douady class [G] ∈ H3(E,Z) is in Fn. A result of Bunke-Rumpf-
Schick [BRS06] is that a T-Background (E,G) admits T-duals if and only if it is F2. Further,
possible choices are related by a certain action of the additive group so(n,Z) of skew-symmetric
matrices B ∈ Zn×n, where n is the dimension of the torus. The group so(n,Z) appears there
as a subgroup of the group O(n, n,Z), which acts on the set of (equivalence classes of) T-
duality correspondences in such a way that both “legs” become mixed. The subgroup so(n,Z)
preserves the left leg (E,G), and transforms one T-dual right leg into another. The results of
[BRS06] have been obtained by constructing classifying spaces for F2 T-backgrounds and T-
duality correspondences. The actions of O(n, n,Z) and its subgroup so(n,Z) are implemented
on the latter space as an action up to homotopy by homotopy equivalences.
If a T-background is only F1, then it does not have any T-duals; these are then called
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“mysteriously missing” [MR06a] or “non-geometric” T-duals [Hul07]. The approach via non-
commutative geometry allows to define them as bundles of non-commutative tori [MR05,
MR06b, MR06a]. In this paper, we propose a new, 2-stack-theoretical ansatz, which allows to
remain in ordinary (commutative) but higher-categorical geometry. The basic idea behind our
approach is quite simple: every F1 background is locally F2, and so has locally defined T-duals.
On overlaps, these are related by the so(n,Z)-action of Bunke-Rumpf-Schick. The main result
of this article is to fabricate a framework in which this gluing can be performed, resulting in
a globally defined, new object that we call a half-geometric T-duality correspondence.
Half-geometric T-duality correspondences are called “half-geometric” because they have
a well-defined “geometric” left leg, but no “geometric” right leg anymore. It can be seen as
a baby version of what Hull calls a T-fold (in the so-called doubled geometry perspective):
upon choosing a “polarization”, a half-geometric T-duality correspondence splits into locally
defined T-duality correspondences between the geometric left leg and an only locally defined
geometric right leg. Additionally, it provides a consistent set of so(n,Z) matrices that perform
the gluing. Our main result about half-geometric T-duality correspondences is that (up to
isomorphism) every F1 T-background is the left leg of a unique half-geometric T-duality
correspondence.
T-folds should be regarded and studied as generalized (non-geometric) backgrounds for
string theory, and we believe that understanding the underlying topology is a necessary prereq-
uisite. Since currently no definition of a T-fold in general topology is available, this has to be
seen as a programme for the future. Only two subclasses of T-folds are currently well-defined:
the first subclass consists of T-duality correspondences, and the result of Bunke-Rumpf-Schick
states that these correspond to the (geometric) F2 T-backgrounds. The second subclass con-
sists of our new half-geometric T-duality correspondences. It contains the first subclass, and
our main result states that it corresponds to the (geometric) F1 T-backgrounds. We plan to
continue this programme in the future and to define and study more general classes of T-folds.
The framework we develop consists of 2-stacks that are represented by appropriate Lie 2-
groups. This is fully analogous to the situation that a stack of principal bundles is represented
by a Lie group. Using 2-stacks is essential for performing our gluing constructions. In princi-
ple, the reader is free to choose any model for such 2-stacks, for instance non-abelian bundle
gerbes [ACJ05, NW13a], principal 2-bundles [Woc11, SP11, Wal17], or any ∞-categorical
model [Lur09, NSS15]. For our calculations we use a simple and very explicit cocycle model
for the non-abelian cohomology groups that classify our 2-stacks. Our work is based on two
new strict Lie 2-groups, which we construct in Sections 2.2 and 3.2:
• A strict (Fre´chet) Lie 2-group TBF2, see Section 2.2. It represents a 2-stack T-BGF2,
whose objects are precisely all F2 T-backgrounds (Proposition 2.2.3).
• A strict Lie 2-group TD, see Section 3.2. It is a categorical torus in the sense of Ganter
[Gan18], and represents a 2-stack T-Corr of T-duality correspondences. Its truncation to
a set-valued presheaf is precisely the presheaf of T-duality triples of [BRS06] (Proposi-
tions 3.3.2 and 3.2.5).
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These two Lie 2-groups have two important features. The first is that they admit Lie 2-group
homomorphisms
ℓeℓe : TD→ TBF2 and riℓe : TD→ TBF2 (1.1)
that represent the projections to the left leg and the right leg of a T-duality correspondence,
respectively. The second feature is that they admit a strict so(n,Z)-action by Lie 2-group
homomorphisms. This is an important improvement of the action of [BRS06] on classifying
spaces which is only an action up to homotopy, i.e., in the homotopy category. Taking the
semi-direct products for these actions, we obtain new Lie 2-groups:
• A Lie 2-group
TB
F1 := TBF2 ⋉ so(n,Z)
of which we prove that it represents the 2-stack T-BGF1 of F1 T-backgrounds (Proposi-
tion 2.3.1).
• A Lie 2-group
TD
1
2
-geo := TD⋉ so(n,Z)
that represents a 2-stack which does not correspond to any classical geometric objects,
and which is by definition the 2-stack of half-geometric T-duality correspondences.
We show that the left leg projection ℓeℓe is so(n,Z)-equivariant, and that it hence induces a
Lie 2-group homomorphism
ℓeℓe
so(n,Z) : TD
1
2
-geo → TBF1.
Our main result about existence and uniqueness of half-geometric T-duality correspondences is
that this homomorphism induces an isomorphism in non-abelian cohomology (Theorem 4.2.2).
On a technical level, two innovations in the theory of Lie 2-groups are developed in this
article. The first is the notion of a crossed intertwiner between crossed modules of Lie groups
(Definition A.1.1). Crossed modules are the same as strict Lie 2-groups, and crossed intertwin-
ers are in between strict homomorphisms and fully general homomorphisms (“butterflies”).
The notion of crossed intertwiners is designed exactly so that the implementations needed in
this article can be performed; for instance, the two Lie 2-group homomorphisms in Eq. (1.1)
are crossed intertwiners. The second innovation is the notion of a semi-direct product for a
discrete group acting by crossed intertwiners on a strict Lie 2-group (Appendix A.4). We also
explore various new aspects of non-abelian cohomology in relation to crossed intertwiners and
semi-direct products, for example the exact sequence of Proposition A.4.3.
In the background of our construction lures the higher automorphism group AUT(TD) of
TD. In an upcoming paper we compute this automorphism group in collaboration with Nora
Ganter. We will show there that π0(AUT(TDn)) = O
±(n, n,Z), a group that was already
mentioned in [MR06a], which contains the split-orthogonal group O(n, n,Z) as a subgroup
of index two. We will see that AUT(TDn) splits over the subgroup so(n,Z). The action of
so(n,Z) on TDn we describe here turns out to be the action of AUT(TDn) induced along
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this splitting, and so embeds our approach into an even more abstract theory. Our plan is to
provide new classes of T-folds within this theory.
This article is organized in the following way. In Section 2 we discuss T-backgrounds
and introduce the two Lie 2-groups that represent F2 and F1 T-backgrounds. In Section 3 we
construct the Lie 2-group TD and put it into relation to ordinary T-duality. In Section 4 we
introduce the Lie 2-group TD
1
2
-geo that represents half-geometric T-duality correspondences,
and prove our main results. In Appendix A we develop our inventions in the theory of Lie
2-groups, and in Appendix B we summarize all facts about the Poincare´ bundle that we need.
Acknowledgements. We would like to thank Ulrich Bunke, Nora Ganter, Ruben Mi-
nasian, Ingo Runkel, Urs Schreiber, Richard Szabo, Christoph Schweigert and Peter Teichner
for many valuable discussions. KW was supported by the German Research Foundation under
project code WA 3300/1-1.
2 Higher geometry for topological T-backgrounds
In this section we study three bicategories of T-backgrounds. The bicategorical framework
is a necessary prerequisite for applying 2-stack-theoretical methods, as the gluing property
only holds in that setting. As an important improvement of the theory of T-backgrounds, we
introduce Lie 2-groups that represent the corresponding 2-stacks (see Definition A.3.1 for the
precise meaning). We will later obtain most statements by only considering the representing
2-groups.
2.1 T-backgrounds as 2-stacks
Let X be a smooth manifold. We recall [Ste00, Wal07] that U(1)-bundle gerbes over X form
a bigroupoid, with the set of 1-isomorphism classes of objects in bijection to H3(X,Z). Let
n > 0 be a fixed integer; all definitions are relative to this integer (often without writing
it explicitly). We recall the definition of a (topological) T-background; their bi-groupoidal
structure will be essential in this article. We denote by Tn := U(1)× ...×U(1) the n-torus.
Definition 2.1.1.
(a) A T-background over X is a principal Tn-bundle π : E → X together with a U(1)-bundle
gerbe G over E.
(b) A 1-morphism (E,G) → (E′,G′) is a pair (f,B) of an isomorphism f : E → E′ of
principal Tn-bundles over X and a bundle gerbe 1-morphism B : G → f∗G′ over E.
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(c) A 2-morphism
(E,G)
(f,B1)
((
(f,B2)
66

(E′,G′)
is a bundle gerbe 2-morphism β : B1 ⇒ B2 over E. Vertical composition is the vertical
composition of bundle gerbe 2-morphisms, and horizontal composition is given by
(E,G)
(f1,B1)
((
(f1,B′1)
66
β1

(E′,G′)
(f2,B2)
((
(f2,B′2)
66
β2

(E′′,G′′) = (E,G)
(f2◦f1,f∗1B2◦B1)
))
(f2◦f1,f∗1B
′
2◦B
′
1)
66
f∗1β2 ◦ β1

(E′′,G′′).
T-backgrounds over X form a bigroupoid T-BG(X), and the assignment X 7→ T-BG(X)
is a presheaf of bigroupoids over smooth manifolds. The following statement is straightforward
to deduce from the fact that principal bundles and bundle gerbes form (2-)stacks over the site
of smooth manifolds (i.e. they satisfy descent with respect to surjective submersions).
Proposition 2.1.2. The presheaf T-BG is a 2-stack.
The grouping of T-backgrounds into classes depending on the class of the bundle gerbe
will be done in a different, but equivalent way, compared to Section 1. A T-background
(E,G) is called F1 if G is fibre-wise trivializable, i.e. for every point x ∈ X the restriction
G|Ex of G to the fibre Ex is trivializable. For dimensional reasons, every T-background with
torus dimension n ≤ 2 is F1. The condition of being fibre-wise trivial extends for free to
neighborhoods of points:
Lemma 2.1.3. A T-background (E,G) is F1 if and only if every point x ∈ X has an open
neighborhood x ∈ U ⊆ X such that the restriction of G to the preimage EU := π
−1(U) is
trivializable.
Proof. Choose a contractible open neighborhood x ∈ U ⊆ X that supports a local trivializa-
tion φ : U × Tn → EU . Since U is contractible, we have φ
∗G ∼= pr∗
Tn
H for a bundle gerbe H
on Tn. Since (E,G) is F1, we know that φ
∗G|{x}×Tn = (pr
∗
Tn
H)|{x}×Tn is trivializable. Pulling
back along Tn → {x} × Tn shows that H is trivializable.
We recall that the cohomology Hk(E,Z) of the total space of a fibre bundle has a filtration
Hk(E,Z) ⊇ F1H
k(E,Z) ⊇ ... ⊇ FkH
k(E,Z) = π∗Hk(X,Z). (2.1.1)
Here, ξ ∈ Hk(E,Z) is in FiH
k(E,Z) if the following condition is satisfied for every continuous
map f : C → X defined on an (i − 1)-dimensional CW complex C: if f˜ : f∗E → E denotes
the induced map, then f˜∗ξ = 0. Obviously, we have the following result.
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Lemma 2.1.4. A T-background is F1 if and only if [G] ∈ F1H
3(E,Z).
We let T-BGF1(X) be the full sub-bicategory of T-BG(X) on the F1 T-backgrounds.
Consider the full sub-bicategory F1(X) ⊆ T-BG
F1(X) on the single object (X×Tn,I), where
I denotes the trivial bundle gerbe. Then, X 7→ F1(X) is a sub-presheaf of T-BG
F1. By
Proposition 2.1.2 one can form the closure F1 ⊆ T-BG of F1 under descent, i.e., F1 is a sub-
2-stack of T-BG that 2-stackifies F1. For example, one can use the 2-stackification F 7→ F
+
described in [NS11], and then choose an equivalence between F+1 and a sub-2-stack F1 of
T-BG, which exists since T-BG is a 2-stack.
Proposition 2.1.5. We have F1 = T-BG
F1. In particular, T-BGF1 is a 2-stack.
Proof. It is clear from the definition of T-BGF1 that F1 ⊆ T-BG
F1. Let (E,G) be some object
in T-BGF1(X). By Lemma 2.1.3 there exists an open cover U = {Ui}i∈I over which (E,G) is
isomorphic to the single object (X×Tn,I). Thus, the descent object (E,G)|U ∈ DesT-BGF1(U)
is isomorphic to an object x ∈ DesF1(U). This shows that (E,G) is in F1(X).
Next we consider the following sub-bicategory F2(X) ⊆ T-BG(X).
(a) Its only object is (X × Tn,I).
(b) The 1-morphisms are of the form (f, idI).
(c) The 2-morphisms are all 2-morphisms in T-BG(X).
The assignment X 7→ F2(X) forms a sub-presheaf F2 ⊆ T-BG. Its closure in T-BG under
descent is by definition the 2-stack T-BGF2 := F2. A T-background over X is called F2 if it
is in T-BGF2(X). By construction, F2 ⊆ F1, so that we have 2-stack inclusions
T-BGF2 ⊆ T-BGF1 ⊆ T-BG
of which the first is full only on the level of 2-morphisms, and the second is full. This has
to be taken with care: two F2 T-backgrounds can be isomorphic as T-backgrounds without
being isomorphic as F2 T-backgrounds.
Lemma 2.1.6. A T-background is F2 if and only if [G] ∈ F2H
3(E,Z).
Proof. Let (E,G) be an F2 T-background. Let C be a 1-dimensional CW complex and
f : C → X be continuous. Let {Ui}i∈I be a cover of X by open sets over which (E,G)
trivializes. For dimensional reasons, the pullback cover {f−1(Ui)}i∈I of C can be refined to
an open cover with no non-trivial 3-fold intersections. Descend data of f∗(E,G) with respect
to this cover has only trivial 2-morphisms. In other words, the bundle gerbe f˜∗G is obtained
by gluing trivial gerbes I along identity 1-morphisms idI and identity 2-morphisms. This
gives the trivial bundle gerbe, hence [f˜∗G] = 0.
Conversely, since F 2H3 ⊆ F 1H3, we know that (E,G) is locally trivializable. Thus, there
exists an open cover {Ui}i∈I and 1-morphisms (Ui×T
n,I) ∼= (E,G)|Ui . We form an open cover
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Vi := π
−1(Ui) of E, such that the bundle gerbe G is isomorphic to one whose surjective sub-
mersion is the disjoint union of the open sets Vi. In particular, there are principal U(1)-bundles
Pij over Vi ∩ Vj. By construction, we have diffeomorphisms φij : Vi ∩ Vj → (Ui ∩ Uj) × T
n.
Assuming that all double intersections Ui ∩ Uj are contractible, and we can assume that
Pij ∼= φ
∗
ijpr
∗PBij , for a matrix Bij ∈ so(n,Z) and pr : (Ui ∩ Uj) × T
n → Tn the projection,
see Appendix B. We remark that the two inclusions Vi ∩ Vj → Vi, Vj correspond under the
diffeomorphisms φij to the maps pr1(x, a) := (x, a) and pr2(x, a) = (x, agij(x)), respectively,
where gij are the transition functions of the E.
Next we consider a triangulation of X subordinate to the open cover {Ui}i∈I , take the
dual of that, discard all simplices of dimension ≥ 2, and let C be the remaining 1-dimensional
CW-complex with its inclusion f : C → X. Let f˜ : f∗E → E the induced map. By
assumption, f˜∗G is trivializable. Consider the open sets V˜i := f˜
−1(Vi) that cover f
∗E, so that
f˜∗G has the U(1)-bundles P˜ij := f˜
∗Pij ∼= f˜
∗φ∗ijpr∗PBij . That f˜
∗G is trivializable means that
there exist principal U(1)-bundles Qi over V˜i with bundle isomorphisms P˜ij ⊗ pr
∗
2Qj
∼= pr∗1Qi
over V˜i∩ V˜j. We have a diffeomorphism φ˜i : V˜i → f
−1(Ui)×T
n, where f−1(Ui) is star-shaped
and hence contractible. Thus, we have Qi ∼= φ˜
∗
ipr
∗PCi , for matrices Ci ∈ so(n,Z). Evaluating
above bundle isomorphism at a point (x, a) with f(x) ∈ Ui ∩ Uj, we obtain an isomorphism
Pij |(x,a) ⊗Qj|x,agij(x)
∼= Qi|(x,a).
In terms of the principal bundles over Tn, this means
PBij |a ⊗ PCj |agij(x)
∼= PCi |a.
Using the equivariance of the Poincare´ bundle described in Appendix B, this leads to
Bij + Cj = Ci. With this statement about matrices, we go back into the original situa-
tion over X, where it means that the bundle gerbe G is isomorphic to one with respect to
the open cover Vi, all whose principal U(1)-bundles are all trivial. This shows that the given
T-background is F2.
Remark 2.1.7. For completeness, we remark that a T-background (E,G) is called F3 if G
admits a Tn-equivariant structure. This is equivalent to the statement that G is the pullback
of a bundle gerbe over X, which is in turn equivalent to [G] ∈ F3H
3(E,Z).
2.2 A 2-group that represents F2 T-backgrounds
We define a strict (Fre´chet) Lie 2-group TBF2’n that represents the 2-stack T-BG
F2 in the sense
of Definition A.3.1, see Appendix A for more information.
Remark 2.2.1. We fix the following notations, which will be used throughout this article.
• For a matrix A ∈ Rn×n and v,w ∈ Rn we write, as usual,
〈v|A|w〉 :=
n∑
i,j=1
Aijviwj ∈ R.
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Suppose B ∈ Rn×n is skew-symmetric, i.e. B ∈ so(n,R). We let Blow ∈ R
n×n
be the unique lower-triangular nilpotent matrix with B = Blow − B
tr
low. We write
〈v|B|w〉low := 〈v|Blow|w〉. Note that
〈v|B|w〉 = 〈v|B|w〉low − 〈w|B|v〉low.
We use the notation 〈v|A| for the linear form w 7→ 〈v|A|w〉, and similarly 〈v|B|low for
w 7→ 〈v|B|w〉low.
• For the abelian groups Tn, in particular T1 = U(1), we use additive notation. If
B ∈ so(n,Z) and v ∈ Zn, then 〈v|B| and 〈v|B|low induce well-defined group homo-
morphisms Tn → U(1).
• If α ∈ C∞(Tn,U(1)) and b ∈ Tn, then we define bα ∈ C∞(Tn,U(1)) by bα(a) := α(a− b),
which is an action of Tn on C∞(Tn,U(1)). Note that a〈v|B| = 〈v|B| − 〈v|B|a〉.
We define the Lie 2-group TBF2’n as a crossed module (G,H, t, α) in the following way, see
Appendix A. We put G := Tn, H := C∞(Tn,U(1)) with the point-wise Lie group structure
and the usual Fre´chet manifold structure, t : H → G is defined by t(τ) := 0 and α : G×H → H
is defined by α(g, τ) := gτ . We instantly find
π0(TB
F2’
n ) = T
n and π1(TB
F2’
n ) = C
∞(Tn,U(1)), (2.2.1)
with π0 acting on π1 by (g, τ) 7→
gτ .
Remark 2.2.2. There is a slightly bigger but weakly equivalent 2-group denoted by TBF2n . It
fits better to our T-duality 2-group of Section 3 and will therefore be used later. For TBF2n we
put G := Rn, H := C∞(Tn,U(1)) × Zn with the direct product group structure, t : H → G
is defined by t(τ,m) := m and α : G×H → H is defined by α(g, (τ,m)) := (gτ,m). There is
a strict intertwiner (see Appendix A.3)
TB
F2
n → TB
F2’
n
defined by reduction mod Zn, Rn → Tn, and the group homomorphism
Z
n × C∞(Tn,U(1)) → C∞(Tn,U(1)) : (τ,m) 7→ τ .
It induces identities on π0 and π1 and preserves the π0 action on π1; it is hence a weak
equivalence.
We will often suppress the index n from the notation of both Lie 2-groups. In order to
establish a relation between the 2-group TBF2’ and F2 T-backgrounds we consider the presheaf
BTBF2’ of smooth BTBF2’-valued functions, and show that its 2-stackification (BTBF2’)+ is
isomorphic to T-BGF2. We describe BΓ-valued functions for a general Lie 2-group Γ in
Appendix A.3; reducing it to the present situation we obtain over a smooth manifold X the
following bicategory BTBF2’(X):
• It has one object.
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• The 1-morphisms are smooth maps g : X → Tn, the composition is point-wise addition.
• There are only 2-morphisms from a 1-morphism to itself; these are all smooth maps
τ : X → C∞(Tn,U(1)). The vertical composition is the point-wise addition, and the
horizontal composition is
∗
g1

g1
BB
τ1

∗
g2

g2
BB
τ2

∗ = ∗
g1+g2

g1+g2
@@τ2 +
g2τ1

∗.
We consider the following strict 2-functor
F2 : BTB
F2’(X)→ F2(X).
It associates to the single object the T-background with the trivial Tn-bundle X × Tn over
X and the trivial gerbe I over X × Tn. To a 1-morphism g it associates the 1-morphism
consisting of the bundle morphism fg : X × T
n → X × Tn : (x, a) 7→ (x, g(x) + a), and the
identity 1-morphism idI between I and f
∗
g I = I. This respects strictly the composition. To a
2-morphism τ : g ⇒ g it associates the bundle gerbe 2-morphism βτ : idI ⇒ idI over X × T
n
which is induced by the smooth map βτ : X × T
n → U(1) : (x, a) 7→ −τ(x)(g(x) + a). It is
clear that
βτ1+τ2 = βτ1 + βτ2 = βτ2 • βτ1 ,
i.e. the vertical composition is respected. It remains to show that the horizontal composition
is respected, i.e.
βτ2 ◦ βτ1 = βτ2+g2τ1 , (2.2.2)
where τ1 : g1 ⇒ g1 and τ2 : g2 ⇒ g2. On the left we have horizontal composition in T-BG(X),
so that it is f∗g1βτ2 ◦ βτ1 in terms of the composition bundle gerbe 2-morphisms. We have
(f∗g1βτ2 ◦ βτ1)(x, a) = βτ2(x, g1 + a) + βτ1(x, a) = −τ2(x)(g1 + g2 + a)− τ1(x)(g1 + a)
= −(τ2 +
g2τ1)(x)(g1 + g2 + a) = βτ2+g2τ1(x, a).
This proves Eq. (2.2.2) and shows that F2 is a 2-functor.
Proposition 2.2.3. The 2-functor F2 induces an equivalence (BTB
F2’)+ ∼= T-BGF2.
Proof. We show that the 2-functor F2 is an isomorphism of presheaves. Then, it becomes
an isomorphism between the 2-stackifications; this is the claim. The 2-functor is bijective on
the level of objects; in particular it is essentially surjective. It is also bijective on the level
of 1-morphisms, since the automorphisms of the trivial Tn-bundle over X are exactly the
smooth Tn-valued functions on X. Finally, it is bijective on the level of 2-morphisms, since
the automorphisms of idI are exactly the smooth U(1)-valued functions on X × T
n.
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Remark 2.2.4. For any Lie 2-group Γ one can describe the objects in (BΓ)+(X) by Γ-cocycles
with respect to an open cover {Ui}i∈I of X; see Appendix A.3 for a general description. A
TB
F2’
n -cocycle consists of smooth maps
gij : Ui ∩ Uj → T
n and τijk : Ui ∩ Uj ∩ Uk → C
∞(Tn,U(1))
satisfying the cocycle conditions
gik = gjk + gij (2.2.3)
τikl +
gklτijk = τijl + τjkl. (2.2.4)
Two TBF2’n -cocycles (g, τ) and (g
′, τ ′) are equivalent if there exist smooth maps
hi : Ui → T
n and ǫij : Ui ∩ Uj → C
∞(Tn,U(1))
such that
g′ij + hi = hj + gij (2.2.5)
τ ′ijk +
g′
jkǫij + ǫjk = ǫik +
hkτijk. (2.2.6)
Remark 2.2.5. Similarly, a TBF2-cocycle consists of numbers mijk ∈ Z
n and smooth maps
aij : Ui ∩ Uj → R
n and τijk satisfying
aik = ajk + aij +mijk (2.2.7)
τikl +
aklτijk = τijl + τjkl. (2.2.8)
Here we have identified smooth maps Ui ∩ Uj ∩ Uk → Z
n with elements in Zn, since we can
refine any open cover by one whose open sets and all finite intersections are either empty or
connected. Note that Eq. (2.2.7) implies
mikl +mijk = mijl +mjkl. (2.2.9)
Two TBF2-cocycles (a, τ,m) and (a′, τ ′,m′) are equivalent if there exist numbers zij ∈ Z
n and
smooth maps pi : Ui → R
n and ǫij : Ui ∩ Uj → C
∞(Tn,U(1)) satisfying
a′ij + pi = zij + pj + aij (2.2.10)
τ ′ijk +
a′
jkǫij + ǫjk = ǫik +
pkτijk. (2.2.11)
Note that Eq. (2.2.10) implies
m′ijk + zij + zjk = zik +mijk. (2.2.12)
Remark 2.2.6. Cocycles for TBF2’ or TBF2 where τijk takes values in the constant U(1)-valued
functions U(1) ⊆ C∞(Tn,U(1)) correspond to F3 T-backgrounds.
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2.3 A 2-group that represents F1 T-backgrounds
We show in this section that F1 T-backgrounds are obtained by letting the (additive) group
so(n,Z) of skew-symmetric n × n matrices with integer entries act on the 2-group TBF2
constructed in the previous section. In this context so(n,Z) appears as the group H2(Tn,Z)
of isomorphism classes of principal U(1)-bundles over Tn; a group isomorphism is induced by
an assignment B 7→ PB of a principal U(1)-bundle PB to a matrix B ∈ so(n,Z), which we
described in Appendix B.
We define for each B ∈ so(n,Z) a crossed intertwiner
FB : TB
F2
n → TB
F2
n ,
in the notation of Definition A.1.1 as the triple FB = (idRn , fB , ηB), with smooth maps
fB : C
∞(Tn,U(1)) × Zn → C∞(Tn,U(1)) × Zn and ηB : R
n × Rn → C∞(Tn,U(1))
given by
fB(τ,m) := (τ − 〈m|B|,m) and ηB(a, a
′) := 〈a′|B|a〉low,
where ηB(a, a
′) is considered as a constant U(1)-valued map. It is straightforward to check
the axioms of a crossed intertwiner: (CI1) and (CI2) are trivial, (CI3) follows from the skew-
symmetry of B, and (CI4) follows from the bilinearity and R-invariance of ηB .
For B1, B2 ∈ so(n,Z) we compute the composition of the corresponding crossed inter-
twiners using the formula of the Eq. (A.1.1):
FB2 ◦ FB1 = (id, fB2 , ηB2) ◦ (id, fB1 , ηB1)
= (id, fB2 ◦ fB1 , ηB2 + ηB1) = (id, fB1+B2 , ηB1+B2) = FB2+B1 .
Thus, we have an action of so(n,Z) on TBF2 by crossed intertwiners in the sense of Defini-
tion A.4.1. As explained in Appendix A.4 we can now form a semi-strict Lie 2-group
TB
F1 := TBF2 ⋉ so(n,Z),
whose two invariants are
π0(TB
F1) = Tn × so(n,Z) and π1(TB
F1) = C∞(Tn,U(1)). (2.3.1)
Since semi-strict 2-groups have no description as crossed modules, we can only describe
TB
F1 as a monoidal category, where the monoidal structure is the multiplication. Reducing
the general theory of Appendix A.4 to the present situation, we obtain the following. The
objects of TBF1 are pairs (a,B) with a ∈ Rn and B ∈ so(n,Z), and multiplication is the direct
product group structure,
(a2, B2) · (a1, B1) = (a2 + a1, B2 +B1).
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The morphisms are tuples (τ,m, a,B) with source (a,B) and target (m+ a,B). The compo-
sition is
(τ2,m2,m1 + a1, B) ◦ (τ1,m1, a1, B) := (τ2 + τ1,m1 +m2, a1, B).
Multiplication is given by
(τ2,m2, a2, B2) · (τ1,m1, a1, B1)
= (τ2 − 〈a1|B2|m1〉low +
a2τ1 −
a2〈m1|B2|,m2 +m1, a2 + a1, B2 +B1).
The semi-strictness of this 2-group corresponds to the fact that this multiplication is not
strictly associative; instead, it has an associator that satisfies a pentagon axiom. The associ-
ator is given by the formula
λ((a3, B3), (a2, B2), (a1, B1)) = (−〈a1|B3|a2〉low, 0, a3 + a2 + a1, B3 +B2 +B1).
Next we establish a relation between the 2-group TBF1 and F1 T-backgrounds. We
consider the presheaf BTBF1 of smooth BTBF1-valued functions. Consulting Appendix A.3,
the bicategory BTBF1(X) over a smooth manifold X is the following:
• It has one object.
• The morphisms are pairs (a,B) of a smooth map a : X → Rn and a skew-symmetric
matrix B ∈ so(n,Z). The composition is (point-wise) addition.
• There are only 2-morphisms between (a,B) and (a′, B′) if a′ − a ∈ Zn and B′ = B; in
this case a 2-morphism is a pair (τ,m) with τ : X → C∞(Tn,U(1)) and m ∈ Zn such
that a′ − a = m. The vertical composition is (pointwise) addition, and the horizontal
composition is
∗
(a1,B1)

(a1+m1,B1)
BB(τ1,m1)

∗
(a2,B2)

(a2+m2,B2)
BB(τ2,m2)

∗ = ∗
(a1+a2,B1+B2)
&&
(a1+a2+m1+m2,B1+B2)
88τ2 +
a2τ1 − 〈a1|B2|m1〉low −
a2〈m1|B2|

∗.
• The associator
λ(a3,B3),(a2,B2),(a1,B1) : ((a3, B3) ◦ (a2, B2)) ◦ (a1, B1)⇒ (a3, B3) ◦ ((a2, B2) ◦ (a1, B1))
is the pair (−〈a1|B3|a2〉low, 0).
Next we construct a 2-functor
F1 : BTB
F1(X)→ F1.
It associates to the single object the T-background (X × Tn,I). To a 1-morphism (a,B) it
associates the 1-morphism (fa,BB), consisting of the bundle morphism
fa : X × T
n → X × Tn : (x, b) 7→ (x, a(x) + b) (2.3.2)
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and the following 1-morphism BB : I → f
∗
aI = I over X × T
n. We recall that the groupoid
Aut(G) of automorphisms of a bundle gerbe G over a smooth manifoldM is a module category
over the monoidal groupoid BunU(1)(M) of principal U(1)-bundles over M in terms of a
functor
Aut(G) × BunU(1)(M)→ Aut(G) : (A, P ) 7→ A ⊗ P . (2.3.3)
The 1-morphism BB we want to construct is obtained by letting the principal U(1)-bundle
pr∗
Tn
PB over X × T
n act on the identity, where PB is the matrix-depending version of the
Poincare´ bundle defined in Appendix B. Thus, BB := id⊗ pr
∗
Tn
PB . To a 2-morphism
(τ,m, a,B) : (a,B)⇒ (a+m,B)
it assigns the 2-morphism βτ,m,a,B : (fa,BB) ⇒ (fa,BB) over X × T
n induced by acting on
idBB with an automorphism of the trivial U(1)-bundle over X × T
n, given the smooth map
κτ,m,a,B : X × T
n → U(1) : (x, b) 7→ −τ(x)(a(x) + b),
i.e., βτ,m,a,B := idBB ⊗ κτ,n,a,B. It is straightforward to check that the vertical composition
is respected. The horizontal composition is not strictly preserved: we have fa2+a1 = fa2 ◦ fa1
but BB2+B1 6= f
∗
a1
BB2 ◦ BB1 . A compositor
c(a1,B1),(a2,B2) : (fa2 ,BB2) ◦ (fa1 ,BB1)⇒ (fa2+a1 ,BB2+B1)
is induced over {x} × Tn from the isomorphism
PB1 ⊗ r
∗
x1a1(x)
PB2
id⊗R˜B2 (a1(x))
−1
// PB1 ⊗ PB2 = PB2+B1
of U(1)-bundles over Tn, where the bundle morphism R˜B is explained in Appendix B. We
have to show that this compositor satisfies a pentagon diagram. This diagram can be reduced
to the following condition about the equivariance of the Poincare´ bundle:
PB1 ⊗ r
∗
a1
PB2 ⊗ r
∗
a2+a1PB3
id⊗id⊗r∗a1R˜B3 (a2)
−1
u} rr
rr
rr
rr
rr
rr
rr
rr
rr
rr
r
rr
rr
rr
rr
rr
rr
rr
rr
rr
rr
r
id⊗R˜B2 (a1)
−1⊗id
!)▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲
PB1 ⊗ r
∗
a1
PB2 ⊗ r
∗
a1
PB3
id⊗R˜B2 (a1)
−1⊗R˜B3 (a1)
−1

✺✺
✺✺
✺✺
✺✺
✺✺
✺✺
✺
✺✺
✺✺
✺✺
✺✺
✺✺
✺✺
✺
PB1 ⊗ PB2 ⊗ r
∗
a2+a1PB3
id⊗id⊗R˜B3(a1+a2)
−1
  ✠
✠✠
✠✠
✠✠
✠✠
✠✠
✠✠
✠✠
✠✠
✠✠
✠✠
✠✠
✠✠
✠
PB1 ⊗ PB2 ⊗ PB3 〈a1|B3|a2〉low
+3 PB1 ⊗ PB2 ⊗ PB3
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Splitting this diagram into the three tensor factors, the only nontrivial diagram is the third
tensor factor, where it becomes
r∗a2+a1PB3
r∗a1
R˜B3 (a2)
−1

R˜B3 (a1+a2)
−1
+3 PB3
r∗a1PB3
R˜B3 (a1)
−1
+3 PB3
〈a1|B3|a2〉low
KS
The commutativity of this diagram is precisely Eq. (B.2); this finishes the definition of the
compositor. Now it remains to show that the horizontal composition is respected relative to
the compositor. Employing the horizontal composition in T-BG(X) and the definitions of the
2-functor on 1-morphisms and of the compositor, this condition becomes the commutativity
of the diagram
PB1 ⊗ r
∗
x1a1
PB2
κτ2,m2,a1+a2,B2+κτ1,m1,a1,B1 +3
id⊗R˜B2 (a1)
−1

PB1 ⊗ r
∗
x1a1
PB2
id⊗R˜B2 (a1+m1)
−1

PB1 ⊗ PB2 κτ2+α2τ1−〈a1|B2|m1〉low−a2〈m1|B2|,m2+m1,a2+a1,B2+B1
+3 PB1 ⊗ PB2
(2.3.4)
It can be checked in a straightforward way using the definition of κ and Eq. (B.4). This
finishes the construction of the 2-functor F1.
Proposition 2.3.1. The 2-functor F1 induces an equivalence (TB
F1)+ ∼= T-BGF1.
Proof. We show that the 2-functor F1 is an isomorphism of presheaves for each contractible
open set U ⊆ X. Then, it becomes an isomorphism between the stackifications; this is the
claim. The 2-functor is bijective on the level of objects; in particular it is essentially surjective.
The Hom-functor
F1 : HomBTBF1(U)(∗, ∗)→HomF1(U × T
n, U × Tn) = HomT-BG(U)(U × T
n, U × Tn)
is clearly fully faithful, and we claim that it is essentially surjective. Indeed, if (f,B) is some
automorphism of U × Tn, then f = fa for some smooth map a : U → R
n since U is simply-
connected, and B = pr∗
Tn
PB for some matrix B ∈ so(n,Z), as the cohomology of U × T
n has
no contributions from U since U is 2-connected.
Remark 2.3.2. In Appendix A.4 we describe cocycles for semi-strict Lie 2-groups. A TBF1n -
cocycle with respect to an open cover {Ui}i∈I is a quadruple (B, a,m, τ) consisting of matrices
Bij ∈ so(n,Z), numbers mijk ∈ Z
n, and smooth maps
aij : Ui ∩ Uj → R
n and τijk : Ui ∩ Uj ∩ Uk → C
∞(Tn,U(1))
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subject to the relations
Bik = Bjk +Bij (2.3.5)
aik = ajk + aij +mijk (2.3.6)
τikl +
aklτijk −
akl〈mijk|Bkl| = 〈aik|Bkl|mijk〉low + 〈aij |Bkl|ajk〉low + τijl + τjkl. (2.3.7)
Note that the Eq. (2.3.6) implies
mikl +mijk = mijl +mjkl. (2.3.8)
Two TBF1-cocycles (B, a,m, τ) and (B′, a′,m′, τ ′) are equivalent if there exist matrices
Ci ∈ so(n,Z), numbers zij ∈ Z and smooth maps
pi : Ui → R
n and ǫij : Ui ∩ Uj → C
∞(Tn,U(1))
such that
Cj +Bij = B
′
ij + Ci (2.3.9)
zij + pj + aij = a
′
ij + pi (2.3.10)
and
τ ′ijk + 〈pi|B
′
jk|a
′
ij〉low − 〈pj + aij|B
′
jk|zij〉low +
a′
jkǫij −
a′
jk〈zij |B
′
jk| − 〈aij |B
′
jk|pj〉low + ǫjk
= ǫik − 〈aik|Ck|mijk〉low +
pkτijk −
pk〈mijk|Ck| − 〈aij |Ck|ajk〉low (2.3.11)
Note that Eq. (2.3.10) implies
m′ijk + zij + zjk = zik +mijk. (2.3.12)
We remark that the subclass of F2 backgrounds is represented by cocycles with Bij = 0; in
that case, above equations are precisely the cocycle conditions for the 2-group TBF2n .
Remark 2.3.3. The sequence
TB
F2 → TBF1 → so(n,Z)dis,
of semi-strict Lie 2-groups and semi-strict homomorphisms induces by Proposition A.4.3 the
following exact sequence in cohomology:
H1(X,TBF2)/so(n,Z)→ H1(X,TBF1)→ H1(X, so(n,Z))→ 0.
Exactness implies the following results:
(a) Every F1 T-background (E,G) has an underlying so(n,Z)-principal bundle, and if this
bundle is trivializable, then (E,G) is isomorphic (as F1 T-backgrounds) to an F2 T-
background.
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(b) Since a principal so(n,Z)-bundle is nothing but a collection of 12n(n − 1) principal Z-
bundles, every such bundle is trivializable if H1(X,Z) = 0, for instance if X is con-
nected and simply connected. Hence, every F1 T-background over a connected and
simply-connected smooth manifold X is in fact F2; in particular, it is T-dualizable (Theo-
rem 3.3.3). This question has been considered in [BHM], also see Section 4.4.1.
(c) The map H1(X,TBF2)→ H1(X,TBF1) is indeed not injective, corresponding to the fact
that the inclusion T-BGF2 →֒ T-BGF1 is not full. In fact, two F2 T-backgrounds are
isomorphic as F1 T-backgrounds if and only if they are related by the so(n,Z)-action
(the “only if” holds only for connected X).
2.4 T-backgrounds with trivial torus bundle
In this section we investigate F1 T-backgrounds with trivial torus bundle. For this purpose
we consider a sequence
so(n,Z)dis ×BZ
n ×BU(1)
I
// TB
F1 T // Tndis
(2.4.1)
of semi-strict homomorphisms. The homomorphism T sends an object (a,B) of TBF1 to
a ∈ Tn reduced mod Zn, and a morphism (τ,m, a,B) to the identity morphism of a. The
homomorphism I sends an object (B, ∗, ∗) to the object (0, B) of TBF1 and an endomor-
phism (B,m, t) of (B, ∗, ∗) to the endomorphism (τt,m, 0, 0, B) of (0, B) in TB
F1, where
τt,m(c) = t+mc.
Lemma 2.4.1. The following sequence is exact:
H1(X, so(n,Z))×H2(X,Zn)×H3(X,Z)
I∗
// H1(X,TBF1)
T∗
// H2(X,Zn) // 0.
Here we have used the usual identifications between non-abelian cohomology and ordinary
cohomology, see Remark A.3.3.
Proof. The homomorphism T ◦I is trivial, and T∗ is obviously surjective. Suppose (B, a,m, τ)
is a TBF1-cocycle whose class vanishes under T . Thus, there exists bi : Ui → T
n such that
aij = bj−bi. We can assume that bi lift to smooth maps pi : Ui → R
n; then we obtain zij ∈ Z
n
such that aij = pj − pi + zij . These establish an equivalence between (Bij , aij ,mijk, τijk) and
(Bij , 0, 0, τ
′
ijk), where τ
′
ijk : Ui ∩ Uj ∩ Uk → C
∞(Tn,U(1)) is a 3-cocycle.
For 1 ≤ p ≤ n we consider the group homomorphism wp : C
∞(Tn,U(1)) → Z that ex-
tracts the winding number of a map around the p-th torus component. We also consider the
evaluation at 0, which is a Lie group homomorphism ev0 : C
∞(Tn,U(1)) → U(1). The com-
position of τ ′ijk with wp is locally constant and thus a 3-cocycle mijk ∈ Z
n. The composition
with ev0 is a 3-cocycle tijk : Ui ∩ Uj ∩ Uk → U(1). We claim that τ
′
ijk is equivalent to the 3-
cocycle τtijk ,mijk , so that (Bij , 0, 0, τ
′
ijk) is in the image of I. Indeed, by definition of a winding
number, (x, a) 7→ τ ′ijk(x)(a) −mijka lifts to a smooth map τ˜ijk : Ui ∩ Uj ∩ Uk → C
∞(Tn,R).
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The lift τ˜ijk satisfies the cocycle condition only up to a constant ǫijkl ∈ Z; hence, the smooth
maps βijk : Ui ∩ Uj ∩ Uk → C
∞(Tn,R) defined by
βijk(x)(a) := τ˜ijk(x, a)− τ˜ijk(x, 0)
do form a cocycle. Since Hˇ2(X,R) = 0, there exists eij : Ui ∩ Uj → R with coboundary
βijk. Pushing to U(1)-valued maps, eij establishes an equivalence between τ˜ijk and tijk; hence
between τ ′ijk and τtijk,mijk .
The sequence Eq. (2.4.1) restricts over the F2 T-backgrounds, ending up in a diagram of
semi-strict Lie 2-groups and semi-strict homomorphisms:
BZn ×BU(1)

// TB
F2

// T
n
dis
so(n,Z)dis ×BZ
n ×BU(1)
I
// TB
F1
T
// T
n
dis.
(2.4.2)
Concerning the geometric counterparts of the homomorphisms I and T , it is clear that
T represents the 2-functor
T-BGF1(X)→ Bun
Tn
(X) : (E,G) 7→ E
that takes an F1 T-background to its underlying torus bundle. Concerning the strict homo-
morphism I, we describe the 2-functor
Bun
so(n,Z)(X)× GrbZn(X)× GrbU(1)(X)→ T-BG (2.4.3)
represented by I. We start by treating the first factor and assume that we have an so(n,Z)-
bundle Z over X. We construct the following bundle gerbe R
so(n,Z)(Z) over X × T
n. Its
surjective submersion is Z × Tn → X × Tn. Its 2-fold fibre product Z [2] × Tn is equipped
with a smooth (and hence locally constant) map B : Z [2] → so(n,Z), since Z is a principal
bundle, and it is equipped with the projection prTn to T
n. We consider the principal U(1)-
bundle P := pr∗
Tn
PB over Z
[2]×Tn, and over the triple fibre product the bundle gerbe product
induced by the equality pr∗12B + pr
∗
23B = pr
∗
12B over Z
[3].
For the second factor, let H be a Zn-bundle gerbe over X. We assume that H is defined
over a surjective submersion π : Y → X, with a principal Zn-bundle P over Y [2] and a
bundle gerbe product µ over Y [3]. We define the following U(1)-bundle gerbe RZ(H) over
X × Tn. Its surjective submersion is Y˜ := Y × Tn → X × Tn. We consider the map
τ : (Y [2] × Tn)× Zn → U(1) : (y1, y2, a,m) 7→ am, which is fibrewise a group homomorphism.
The principal U(1)-bundle of RZ(H) is the parameter-dependent bundle extension τ∗(P ).
Similarly, we extend the bundle gerbe product τ∗(µ).
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For the third factor, we simply pull back a U(1)-bundle gerbe G over X to X × Tn.
Putting the three pieces together, the 2-functor Eq. (2.4.3) is defined by
(Z,H,G) 7→ (X × Tn,R
so(n,Z)(Z)⊗RZ(H)⊗ pr
∗
XG).
In the following two lemmas we compute the Dixmier-Douady classes of the bundle gerbes
R
so(n,Z)(Z) and RZ(H), in order to see of which type the resulting T-backgrounds are.
Lemma 2.4.2. Let Z be a principal so(n,Z)-bundle over X. For 1 ≤ p, q ≤ n we have a
principal Z-bundle Zpq := (prpq)∗(Z) with a corresponding class [Z
pq] ∈ H1(X,Z). We have
DD(R
so(n,Z)(Z)) =
∑
1≤q<p≤n
pr∗pγ ∪ pr
∗
qγ ∪ pr
∗
X [Z
pq] ∈ H3(X × Tn,Z),
where prp : X × T
n → S1 is the projection to the p-th component of Tn, and γ ∈ H1(S1,Z) is
a generator.
Proof. We observe that pr∗pγ∪pr
∗
qγ is the first Chern class of pr
∗
pqP, and that the bundle gerbe
R
so(n,Z)(Z) is of the form
R
so(n,Z)(Z) =
⊗
1≤q≤p≤n
pr∗pqRso(2,Z)(Z
pq),
where prpq : X × T
n → X × T2 projects to the two indexed components. We choose an open
cover {Ui}i∈I of X×T
n such that Zpq admits sections, leading to transition matrices zij ∈ Z.
Then, the bundle gerbe R
so(2,Z)(Z
pq) becomes isomorphic to one with principal U(1)-bundle
Pij := pr
∗
T2
Pzij over Ui∩Uj, and with the bundle gerbe product µijk induced from the cocycle
condition zij+zjk = zik. We can additionally assume that there exist sections si : Ui → pr
∗
T2
P,
leading to transition functions gij : Ui ∩ Uj → U(1). Then, Pij has the section s
zij
i , and the
calculation
µijk(s
zij
i ⊗ s
zjk
j ) = µijk(s
zij
i ⊗ s
zjk
i ) · g
zjk
ij = s
zik
i · g
zjk
ij
show that R
so(2,Z)(Z
pq) is classified by the 3-cocycle ηijk := g
zjk
ij .
We compute cup products in Z-valued Cˇech cohomology, where the cup product of a
k-cocycle αi0,...,ik with an l-cocycle βi0,...,il is given by αi0,...,ik · βik ,...,ik+l, see [Bry93, Section
1.3]. We choose lifts g˜ij : Ui ∩ Uj → R of gij . Then, qijk := (δg˜)ijk is a Z-valued 3-cocycle
that corresponds to gij under the connecting homomorphism of the exponential sequence.
Likewise, η˜ijk := g˜ijzjk is a lift of ηijk, and pijkl = (δη˜)ijkl corresponds to ηijk. We calculate
pijkl = η˜ikl + η˜ijk − η˜jkl − η˜ijl = g˜ikzkl + g˜ijzjk − g˜jkzkl − g˜ijzjl
= (g˜ik − g˜jk − g˜ij)zkl = qijkzkl.
This shows that [p] = [q] ∪ [z]. Since [z] = [Zpq] and [q] = c1(P), this gives the claim.
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Lemma 2.4.3. Let H be a Zn-bundle gerbe over X classified by a class [H] ∈ H2(X,Zn).
Let [H]p ∈ H
2(X,Z) denote its p-th component. Then,
DD(RZ(H)) =
n∑
p=1
[H]p ∪ pr
∗
pγ ∈ H
3(X × Tn,Z).
Proof. We can assume that we have an open cover {Ui}i∈I on which the Z
n-bundle gerbe H
is given by a constant 3-cocycle mijk ∈ Z
n. Then, RZ(H) has the surjective submersion
Y :=
∐
i∈I
Ui × T
n → X × Tn,
and the cocycle Ui ∩ Uj ∩ Uk × T
n : (x, a) 7→ mijka. In order represent its Dixmier-Douady
class by a Z-valued 4-cocycle, we consider the surjective submersion
Y ′ :=
∐
i∈I
Ui × R
n → X × Tn
so that the cocycle mijka lifts to an R-valued map Ui ∩ Uj ∩ Uk × R
n ×Tn R
n ×Tn R
n → R
defined by (x, a1, a2, a3) 7→ mijka1. Its coboundary is
mijka1 +mikla1 −mjkla2 −mijla1 = mjkl(a1 − a2), (2.4.4)
which is a Z-valued 4-cocycle representing the Dixmier-Douady class of Gm. In order to
compute the cup product (wp)∗(H)∪pr
∗
pγ we have to represent both classes by Z-valued Cˇech
cocycles. By construction, the class of (wp)∗(H) is represented by the Z-valued Cˇech 3-cocycle
mp,ijk, the p-th component of mijk. To represent the class pr
∗
pγ by a Z-valued 2-cocycle we
consider again the surjective submersion Y ′. Then, the smooth map prp : X × T
n → U(1),
whose homotopy class represents pr∗pγ, lifts to the real valued projection p˜rp : Y
′ → R. Then,
the Z-valued 2-cocycle we are looking for is
prp,ij : Ui ∩ Uj × R
n ×Tn R
n → Z : (x, a1, a2) 7→ ap,1 − ap,2.
Thus, our cup product (wp)∗(H) ∪ pr
∗
pγ is represented by the Z-valued Cˇech 4-cocycle
Ui ∩ Uj ∩ Uk ∩ Ul ×R
n → Z : (x, a) 7→ mp,ijk · (ap,1 − ap,2).
Summation over p shows the coincidence with Eq. (2.4.4).
Summarizing above constructions and results, we have discussed a 2-functor
Bun
so(n,Z)(X) × GrbZn(X) × GrbU(1)(X)→ T-BG(X)
that constructs an F1 T-background with trivial torus bundle, from a principal so(n,Z)-
bundle, a Zn-bundle gerbe, and a U(1)-bundle gerbe over X. By Lemma 2.4.1, these T-
backgrounds are, up to isomorphism, all F1 T-backgrounds with trivial torus bundle. We
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remark that the filtration Fk = FkH
3(E,Z) of Eq. (2.1.1) in case of the trivial torus bundle
E = X × Tn can be expressed in terms of the Ku¨nneth formula by
F 2 \ F 3 ∼= H2(X,Z)×H1(Tn,Z) , F 1 \ F 2 ∼= H1(X,Z)×H2(Tn,Z).
With Lemmas 2.4.2 and 2.4.3 we can read off to which steps in the filtration the given structure
contributes: the U(1)-bundle gerbe G contributes to F 3, the Zn-bundle gerbe H contributes
to F 2, and the so(n,Z)-bundle Z contributes to F 1.
Example 2.4.4. We consider X = S1 and n = 2, and the trivial T2-bundle E := T3 = S1×T2
over S1. We consider Z := R (under the identification so(2,Z) ∼= Z), and the corresponding
bundle gerbe G := R
so(n,Z)(Z) over E. We have [Z
12] = γ ∈ H1(S1,Z) and obtain from
Lemma 2.4.2:
DD(G) = pr∗1γ ∪ pr
∗
2γ ∪ pr
∗
3γ ∈ H
3(T3,Z),
i.e. G represents the canonical class of T3. This explicit example of a T-background has been
described in [MR06a]. It is interesting because it is not an F2 T-background, and hence is not
T-dualizable in the classical sense, see [BRS06] and Theorem 3.3.3. We will see that it gives
rise to a half-geometric T-duality transformation in the formalism introduced in this paper,
see Example 4.2.6.
3 Higher geometry for topological T-duality
In this section we discuss a bicategory of T-duality correspondences, and introduce a strict
Lie 2-group TD that represents a 2-stack of T-duality correspondences. We also discuss the
relation to T-duality triples of [BS05, BRS06].
3.1 T-duality-correspondences as 2-stacks
Let X be a smooth manifold.
Definition 3.1.1.
(a) A correspondence over X consists of T-backgrounds (E,G) and (Eˆ, Ĝ) over X, and of a
bundle gerbe isomorphism D : pr∗1G → pr
∗
2Ĝ over E ×X Eˆ.
(b) A 1-morphism ((E,G), (Eˆ, Ĝ),D)→ ((E′,G′), (Eˆ′, Ĝ′),D′) consists of 1-morphisms
(f,B) : (E,G)→ (E′,G′) and (fˆ , B̂) : (Eˆ, Ĝ)→ (Eˆ′, Ĝ′)
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between the T-backgrounds and of a bundle gerbe 2-morphism
pr∗1G
pr∗1B

D
// pr∗2Ĝ
ζ ♦
♦♦♦
♦♦♦
♦
♦♦♦
♦♦♦
♦♦
s{ ♦♦♦
♦♦♦
♦
♦♦♦
♦♦♦
♦ pr
∗
2B̂

pr∗1f
∗G′
(f,fˆ)∗D′
// pr∗2fˆ
∗Ĝ′
over E ×X Eˆ. Composition is the composition of T-background 1-morphisms together
with the stacking 2-morphisms.
(c) A 2-morphism consists of 2-morphisms β1 : (f,B) ⇒ (f,B
′) and β2 : (fˆ , B̂) ⇒ (fˆ , B̂
′) of
T-backgrounds such that
pr∗1G
pr∗1B
′
&&
pr∗1B

D
// pr∗2Ĝ
ζ ♦
♦♦♦
♦♦♦
♦
♦♦♦
♦♦♦
♦♦
s{ ♦♦♦
♦♦♦
♦
♦♦♦
♦♦♦
♦ pr
∗
2B̂

pr∗1f
∗G′
(f,fˆ)∗D′
// pr∗2fˆ
∗Ĝ′
pr∗1β1
ks =
pr∗1G
pr∗1B
′

D
// pr∗2Ĝ
pr∗2B̂
xx
ζ ′
♦♦♦
♦♦♦
♦♦
♦♦♦
♦♦♦
♦♦
s{ ♦♦♦
♦♦♦
♦
♦♦♦
♦♦♦
♦ pr
∗
2B̂
′

pr∗1f
∗G′
(f,fˆ)∗D′
// pr∗2fˆ
∗Ĝ′
pr∗2β2
ks
over E ×X Eˆ. Horizontal and vertical composition are those of 2-morphisms between
T-backgrounds.
Correspondences over X form a bigroupoid Corr(X), and the assignment X 7→ Corr(X)
is a presheaf of bigroupoids over smooth manifolds. Since principal bundles and bundle gerbes
form (2-)stacks over smooth manifolds, we have the following.
Proposition 3.1.2. The presheaf Corr is a 2-stack.
If C = ((E,G), (Eˆ, Ĝ),D) is a correspondence, then the two T-backgrounds L(C) := (E,G)
and R(C) := (Eˆ, Ĝ) are called the left leg and the right leg , respectively. Projecting to left
and right legs forms 2-functors L,R : Corr(X) → T-BG(X). There is another 2-functor
()∨ : Corr(X)op → Corr(X), which takes C to the correspondence
C∨ := ((Eˆ, Ĝ), (E,G), s∗D−1),
where s : Eˆ ×X E → E ×X Eˆ exchanges components.
Next we want to define a sub-2-stack T-Corr ⊆ Corr of T-duality correspondences. We
define the correspondence TX := ((X × T
n,I), (X × Tn,I), idI ⊗ pr
∗Pn) over any smooth
manifold X, where idI ⊗ pr
∗Pn denotes the action of the pullback of the n-fold Poincare´
bundle Pn over T
n × Tn (see Appendix B) on the identity 1-morphism idI between trivial
bundle gerbes over X × Tn × Tn, see Eq. (2.3.3). The correspondence TX is the prototypical
T-duality correspondence; general T-duality correspondences are obtained via gluing of TX in
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a certain way. The gluing has to be performed along particular automorphisms of TX , which
we describe next. We define for a pair (a, aˆ) of smooth maps a, aˆ : X → Rn a 1-morphism
Aa,aˆ := ((fa, idI), (faˆ, idI), ζa,aˆ) : TX → TX ,
where fa : X × T
n → X × Tn is defined in Eq. (2.3.2) and ζa,aˆ is a 2-isomorphism
ζa,aˆ : idI ⊗ pr
∗Pn ⇒ (fa, faˆ)
∗(idI ⊗ pr
∗Pn) = idI ⊗ pr
∗(ra,aˆ)
∗Pn,
which we define in the following way. We consider the point-wise scalar product of a and aˆ as
a smooth map aaˆ : X → U(1), and regard it as an automorphism of the trivial U(1)-bundle
over X. We act with this automorphism on the identity 1-morphism idI , obtaining another
1-morphism that we denote again by aaˆ : I → I. Next we consider the bundle morphism
R˜(a, aˆ) : Pn → r
∗
a,aˆPn over T
2n from Appendix B. Putting the pieces together, we define
ζa,aˆ := aaˆ⊗ R˜(a, aˆ). The composition of two 1-morphisms of the form Aa,aˆ is in general not of
this form. We denote by A the class of automorphisms of TX generated by the automorphisms
Aa,aˆ, i.e. A consists of all possible finite compositions of automorphisms of the form Aa,aˆ and
their inverses. The class A is exactly the class of automorphisms along which we allow to
glue. Unfortunately, at current time, no better description of the class A is known to us.
We let T (X) be the sub-bicategory of Corr(X) with the single object TX , all 1-morphisms
of the class A, and all 2-morphisms. The assignment X 7→ T (X) is a sub-presheaf of Corr(X),
and we let
T-Corr := T ⊆ Corr
be its closure under descent, which exists due to Proposition 3.1.2.
Definition 3.1.3. A correspondence C over X is called T-duality correspondence if it is in
T-Corr(X). A T-background (E,G) is called T-dualizable, if there exists a T-duality corres-
pondence C and a 1-isomorphism L(C) ∼= (E,G).
Remark 3.1.4. We have the following consequences of this definition:
(a) The legs of a T-duality correspondence are F2 T-backgrounds.
(b) If C is a T-duality correspondence, then it obviously satisfies the so-called Poincare´ con-
dition P(x) for every point x ∈ X, namely that there exists a 1-isomorphism C|{x} ∼= T{x}
[BRS06]. Spelling out what this means, there exist Tn-equivariant maps t : Tn → E|x
and tˆ : Tn → Eˆ|x together with trivializations T : t
∗G → I and T̂ : tˆ∗Ĝ → I such that
the bundle gerbe isomorphism
I
pr∗1T
−1
// pr∗1t
∗G
(t,tˆ)∗D
// pr∗2tˆ
∗Ĝ
pr∗2T̂
// I
between trivial gerbes over Tn × Tn is given (up to a 2-isomorphism over Tn × Tn) by
acting with the Poincare´ bundle Pn on the identity idI . Conversely, it follows from
Proposition 3.3.2 below that a correspondence that satisfies the Poincare´ condition P(x)
for all x ∈ X is a T-duality correspondence.
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(c) The 2-functor C 7→ C∨ restricts to T-duality correspondences, and thus induces a 2-functor
T-Corr(X)op → T-Corr(X). In particular, T-duality correspondence is a symmetric
relation on h0(T-BG(X)). In general, it is neither reflexive nor transitive.
(d) By construction, the assignment X 7→ T-Corr(X) is a 2-stack; this is an important
advantage of our definition over the T-duality triples of [BRS06].
3.2 A 2-group that represents T-duality correspondences
For x, y ∈ R2n we define the notation
[x, y] :=
n∑
i=1
xn+iyi,
which is a bilinear form on R2n with matrix
F˜ :=
(
0 0
En 0
)
.
Often we write x = a⊕ aˆ for a, aˆ ∈ Rn, so that [x1, x2] = [a1 ⊕ aˆ1, a2 ⊕ aˆ2] = aˆ1a2.
We consider the categorical torus associated to the bilinear form [−,−] in the sense of
Ganter [Gan18]. This is a strict Lie 2-group TDn, defined as a crossed module (G,H, t, α)
with G := R2n and H := Z2n ×U(1). The group homomorphism t : H → G is projection and
inclusion, t(m, t) := m. The action α : G×H → H is given by
α(x, (z, t)) := (z, t− [x, z]).
We have
π0(TDn) = T
2n and π1(TDn) = U(1) (3.2.1)
Since the projection Ob(TDn)→ π0(TDn) is a surjective submersion, TDn is smoothly sepa-
rable in the sense of [NW13b]. Note that the induced action of R2n on U := ker(t) = U(1) is
trivial. This shows that we have a central extension
BU(1)→ TDn → T
2n
dis
in the sense of [SP11]. We will often write just TD instead of TDn.
We recall that central extensions of a Lie group K by the Lie 2-group BU(1) are classified
by H4(BK,Z) [SP11]. In our case, K = T2n, we consider the Poincare´ class
poin :=
n∑
i=1
pr∗i c1 ∪ pr
∗
i+nc1 ∈ H
4(BT2n,Z),
where c1 ∈ H
2(BU(1),Z) is the universal first Chern class, and pri : T
2n → U(1) is the
projection to the i-th factor.
Proposition 3.2.1. The central extension TDn is classified by poin ∈ H
4(BT2n,Z).
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Proof. Since H4(BT2n,Z) has no torsion, it suffices to compare the images in real cohomology.
Chern-Weil theory provides an algebra homomorphism Symk((R2n)∗) ∼= H2k(BT2n,R) for all
k > 0, and Ganter proves [Gan18, Theorem 4.1] that the class of TDn corresponds to
F := F˜ + F˜ tr =
(
0 En
En 0
)
∈ Sym2((R2n)∗).
It is well-known that c1 ∈ H
2(BU(1),R) corresponds to id ∈ Sym1(R∗) = R∗, so that
pr∗i c1 ∈ Sym
1((R2n)∗) = (R2n)∗ is pri : R
2n → R. It remains to notice that
n∑
i=1
pri · prn+i = F ,
which is a straightforward calculation.
Remark 3.2.2. The Lie 2-group TDn can be directly related to the n-fold Poincare´ bundle,
via multiplicative gerbes. Multiplicative gerbes over T2n are also classified by H4(BT2n,Z)
and in fact equivalent as a bicategory to categorical central extensions of T2n by BU(1)
[Wal12, Thm. 3.2.5]. Ganter shows [Gan18, Prop. 2.4] that the multiplicative bundle gerbe
associated to TDn is the trivial bundle gerbe over T
2n, with the multiplicative structure given
by a principal U(1)-bundle L over T2n × T2n which descends from the surjective submersion
Z := R2n × R2n → T2n × T2n and the Cˇech 2-cocycle α : Z ×T2n×T2n Z → U(1) defined by
α((x1 + z1, x2 + z2), (x1, x2)) = [x1, z2].
In order to identify this bundle, we consider Z ′ := R2n → T2n and the commutative diagram
Z
pr23
//

Z ′

T
2n × T2n pr23
// T
2n,
where pr23((a1 ⊕ aˆ1), (a2 ⊕ aˆ2)) := (aˆ1 ⊕ a2). We consider for Z
′ → T2n the Cˇech 2-cocycle
α′ : Z ′ ×T2n Z
′ → U(1) defined by α′(x + z, x) := [z, x]. Comparing with Remark B.3,
this is the cocycle of the n-fold Poincare´ bundle Pn. It is straightforward to check that
α = (pr23 × pr23)
∗α′. In other words, L ∼= pr∗23Pn. Thus, the Lie 2-group TDn corresponds to
the trivial gerbe over T2n with multiplicative structure given by pr∗23Pn over T
2n × T2n.
Remark 3.2.3. A TDn-cocycle with respect to an open cover {Ui}i∈I is a tuple (a, aˆ,m, mˆ, t)
consisting of numbers mijk, mˆijk ∈ Z
n and smooth maps
aij , aˆij : Ui ∩ Uj → R
n , tijk : Ui ∩ Uj ∩ Uk → U(1)
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satisfying the following cocycle conditions:
aik = mijk + ajk + aij
aˆik = mˆijk + aˆjk + aˆij
mikl +mijk = mijl +mjkl
mˆikl + mˆijk = mˆijl + mˆjkl
tikl + tijk −mijkaˆkl = tijl + tjkl
Two TD-cocycles (a, aˆ,m, mˆ, t) and (a′, aˆ′,m′, mˆ′, t′) are equivalent if there exist numbers
zij, zˆij ∈ Z
n, smooth maps pi, pˆi : Ui → R
n and eij : Ui ∩ Uj → U(1) such that
a′ij + pi = zij + pj + aij
aˆ′ij + pˆi = zˆij + pˆj + aˆij
m′ijk + zij + zjk = zik +mijk
mˆ′ijk + zˆij + zˆjk = zˆik + mˆijk
t′ijk + eij − aˆ
′
jkzij + ejk = eik + tijk − pˆkmijk
We consider the presheaf BTD of smooth BTD-valued functions. Over a smooth manifold
X the bicategory BTD(X) is the following:
• It has one object.
• The 1-morphisms are pairs (a, aˆ) of smooth maps a, aˆ : X → Rn; the composition is
pointwise addition.
• A 2-morphism from (a, aˆ) to (a′, aˆ′) is a triple (t,m, mˆ) consisting of m, mˆ ∈ Zn and a
smooth map t : X → U(1), such that a′ = a +m and aˆ′ = aˆ + mˆ. Vertical composition
is (pointwise) addition, and horizontal composition is
∗
(a1,aˆ1)

(a1+m1,aˆ1+mˆ1)
??(t1,m1, mˆ1)

∗
(a2,aˆ2)

(a2+m2,aˆ2+mˆ2)
??(t2,m2, mˆ2)

∗ = ∗
(a1+a2,aˆ1+aˆ2)
%%
(a1+a2+m1+m2,aˆ1+aˆ2+mˆ1+mˆ2)
99(t2 + t1 −m1aˆ2,m1 +m2, mˆ1 + mˆ2)

∗.
We define a 2-functor
C : BTD(X)→ T (X),
where T is the presheaf defined in Section 3.1. It sends the single object to the cor-
respondence TX . A 1-morphism (a, aˆ) is sent to the 1-morphism Aa,aˆ. A 2-morphism
(t,m, mˆ) : (a, aˆ) ⇒ (a + m, aˆ + mˆ) is sent to the 2-morphism (αt,m,mˆ, βt,m,mˆ) whose 2-
morphisms αt,m,mˆ : idI ⇒ idI and βt,m,mˆ : idI ⇒ idI over X × T
n are given by acting with
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the U(1)-valued functions αt,m,mˆ(x, c) := −t(x)− mˆc and βt,m,mˆ(x, c) := −t(x)−m(c+ aˆ(x)),
considered as automorphisms of the trivial U(1)-bundle, on the identity 2-morphism X ×Tn.
The condition for 2-morphisms is:
I
idI
,,
idI

ks pr∗1αt,m,mˆ
idI⊗pr
∗
Pn
// I
ζa,aˆ
rrr
rrr
rrr
rrr
t| rrr
rr
rr
rr
r
idI

I
idI⊗pr
∗r∗
a,aˆ
Pn
// I
=
I
idI

idI⊗pr
∗
Pn
// I
idI
rr
ζa+m,aˆ+mˆ
rrr
rr
rrr
rr
t| rr
rrrr
rr
idI

I
idI⊗pr
∗r∗
a,aˆ
Pn
// I
ks pr∗2βt,m,mˆ
over (X × Tn)×X (X × T
n). This boils down to an identity
pr∗1αt,m,mˆ · aaˆ · R˜(a, aˆ) = (a+m)(aˆ+ mˆ) · R˜(a+m, aˆ+ mˆ) · pr
∗
2βt,m,mˆ. (3.2.2)
It is straightforward to check this identity using Appendix B. In order to complete the de-
finition of the 2-functor C, we need to provide an associator and to check the axioms. The
vertical composition is respected since the following equations hold:
αt2,m2,mˆ2 + αt1,m1,mˆ1 = αt2+t1,m2+m1,mˆ2+mˆ1
βt2,m2,mˆ2 + βt1,m1,mˆ1 = βt2+t1,m2+m1,mˆ2+mˆ1
The associator
c(a1,aˆ1),(a2,aˆ2) : ((fa2 , idI), (faˆ2 , idI), ζa2,aˆ2) ◦ ((fa1 , idI), (faˆ1 , idI), ζa1,aˆ1)
⇒ ((fa1+a2 , idI), (faˆ1+aˆ2 , idI), ζa1+a2,aˆ1+aˆ2)
is defined as follows. The horizontal composition on the left is
((fa1+a2 , idI), (faˆ1+aˆ2 , idI), (a2aˆ2 + a1aˆ1 + aˆ1a2)⊗ pr
∗R˜(a2 + a1, aˆ2 + aˆ1)).
We set c(a1,aˆ1),(a2,aˆ2) := (ididI ⊗ aˆ2a1, ididI ). The condition for 2-morphisms is
(aˆ2a1+a2aˆ2+a1aˆ1+ aˆ1a2)⊗pr
∗R˜(a2+a1, aˆ2+ aˆ1) = (a1+a2)(aˆ1+ aˆ2)⊗pr
∗R˜(a2+a1, aˆ2+ aˆ1),
and obviously satisfied.
Lemma 3.2.4. The 2-functor C : BTD(X)→ T (X) is an equivalence.
Proof. Both categories have a single object. On the level of 1-morphisms, it is obviously
essentially surjective. Now consider two 1-morphisms (a, aˆ) and (a′, aˆ′). The set of 2-
morphisms between (a, aˆ) and (a′, aˆ′) in BTD(X) are triples (t,m, mˆ) with t : X → U(1)
and m, mˆ ∈ Zn such that a′ = a + m and aˆ′ = aˆ + mˆ. The set of 2-morphisms between
C(a, aˆ) = ((fa, id), (faˆ, id), ζa,aˆ) and C(a
′, aˆ′) = ((fa+m, id), (faˆ+mˆ, id), ζa+m,aˆ+mˆ) consists of
pairs (α, β) of smooth maps α, β : X × Tn → U(1) such that Eq. (3.2.2) is satisfied,
α(x, c) = mb(x)− cmˆ+md+ β(x, d). (3.2.3)
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We have to show that the map (t,m, mˆ) 7→ (αt,m,mˆ, βt,m,mˆ) is a bijection, where
αt,m,mˆ(x, c) := −t(x)− mˆc and βt,m,mˆ(x, c) := −t(x)−m(c+ aˆ(x)).
Since m and mˆ are uniquely determined, an equality αt,m,mˆ = αt′,m,mˆ implies already t = t
′.
Thus, our map is injective. Conversely, given (α, β), we define t(x) := −mb(x)−β(x, 0). Then
we get from Eq. (3.2.3)
αt,m,mˆ(x, c) = mb(x) + β(x, 0) − mˆc = α(x, c)
and
βt,m,mˆ(x, c) = mb(x) + β(x, 0) −mc−mb(x) = α(x, 0) −mb(x)−mc = β(x, c).
This shows that our map is also surjective.
Since T-Corr was the 2-stackification of T , we obtain from Lemma 3.2.4:
Proposition 3.2.5. The 2-functor C induces an isomorphism BTD+ ∼= T-Corr.
3.3 T-duality triples
In [BRS06] a category of “T-duality triples” was defined. In this section we relate that
definition to our notion of T-duality correspondences and the Lie 2-group TD.
The paper [BRS06] is written with respect to an arbitrary 1-categorical model for U(1)-
gerbes. In order to compare this with our definitions, we choose the 1-truncation h1(Grb(X))
as a model. Then, we have the following definitions:
(a) A triple over X consists of F2 T-backgrounds (E,G) and (Eˆ, Ĝ) over X, and of a 2-
isomorphism class of 1-isomorphism [D] : pr∗1G → pr
∗
2Ĝ over E ×X Eˆ.
(b) A morphism between triples ((E,G), (Eˆ , Ĝ), [D]) and ((E′,G′), (Eˆ′, Ĝ′), [D′]) consists of
two 1-morphisms (f, [B]) : (E,G) → (E′,G′) and (fˆ , [B̂]) : (Eˆ, Ĝ) → (Eˆ′, Ĝ′) of T-
backgrounds, where the gerbe 1-morphisms are taken up to 2-isomorphisms, such that
the diagram
pr∗1G
pr∗1[B]

[D]
// pr∗2Ĝ
pr∗2[B̂]

pr∗1f
∗G′
(f,fˆ)∗[D′]
// pr∗2fˆ
∗Ĝ′
is commutative in the 1-truncation h1(Grb(E ×X Eˆ)), see [BRS06, Def. 4.5].
(c) A triple is called T-duality triple, if the two T-backgrounds are F2, and if its restriction
to any point x ∈ X is isomorphic to T{x}. The category Trip(X) of T-duality triples is
the full subcategory on these.
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Lemma 3.3.1. The geometric realization |BTD| is a classifying space for T-duality triples.
Proof. By [BRS06, Thm. 2.14], the classifying space for T-duality triples is the homotopy
fibre of the map BT2n → K(Z, 4) whose homotopy class is poin ∈ H
4(BT2n,Z). On the other
hand, a central extension BU(1) → Γ → Kdis induces a fibre sequence of classifying spaces,
so that |BΓ| is the homotopy fibre of the map BK → |BBU(1)| ≃ K(Z, 4). The classification
of central extensions in [SP11] exhibits its class in H4(BK,Z) as the homotopy class of this
map. Now, Proposition 3.2.1 shows the claim.
There is an obvious functor
h1(T-Corr(X))→ Trip(X) (3.3.1)
obtained by reducing every 1-morphism to its 2-isomorphism class. On the level of objects,
this is well-defined because of Remark 3.1.4 (a). On the level of morphisms, every 1-morphism
in Corr(X) yields a morphism of triples, and it is straightforward to see that 2-isomorphism
1-morphisms result in the same morphism. In general, the functor Eq. (3.3.1) is not an
equivalence, but Lemma 3.3.1 and Proposition 3.2.5 imply:
Proposition 3.3.2. The functor of Eq. (3.3.1) induces a bijection
h0(T-Corr(X)) ∼= h0(Trip(X)).
In particular, the notion of T-dualizability given in Definition 3.1.3 coincides with the one of
[BRS06].
Thus, all results of [BRS06] can be transferred to our setting. For instance, we have the
following important result [BRS06, Theorem 2.23]:
Theorem 3.3.3. A T-background is T-dualizable if and only if it is F2.
A cohomological formulation of this theorem is presented below as Theorem 3.4.5. Even
later we extend this result to half-geometric T-duality correspondences and F1 T-backgrounds,
see Theorem 4.2.2. Theorem 3.3.3 can then be deduced as a special case.
3.4 Implementations of legs and the flip
We define a crossed intertwiner
fℓip : TDn → TDn
as the triple (φ, f, η) with
φ(a⊕ aˆ) := aˆ⊕ a , f(m⊕ mˆ, t) := (mˆ⊕m, t) and η(x, x′) := (0, [x, x′]).
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Proposition 3.4.1. The crossed intertwiner fℓip represents the 2-functor C 7→ C∨, in the
sense that the diagram
BTD(X)
C
//
B(fℓip)

T-Corr(X)
()∨

BTD(X)
C
// T-Corr(X)
is strictly commutative.
Remark 3.4.2. We remark that fℓip is not strictly involutive: fℓip2 = fℓip ◦ fℓip is the crossed
intertwiner (id, id, η˜) with η˜(a1⊕aˆ1, a2⊕aˆ) = a1aˆ2+aˆ1a2. As an element of the automorphism
2-group of TD discussed in an upcoming paper, it is only coherently isomorphic to the identity.
We define homomorphisms
ℓeℓe′ : TDn → TB
F2’
n and riℓe
′ : TDn → TB
F2’
n
that will produce the left leg and right leg of a T-duality correspondence. The crossed
intertwiner riℓe′ is strict; it consists of the group homomorphisms φ(a ⊕ aˆ) := aˆ and
f(m⊕ mˆ, t)(c) := t+mc, whereas η := 0. We define ℓeℓe′ := riℓe′ ◦ fℓip. This gives
φ(a⊕ aˆ) = a , f(m⊕ mˆ, t)(c) = t+ mˆc and η(a⊕ aˆ, a′ ⊕ aˆ′)(c) = aˆa′.
By inspection of the definitions, we see the following:
Proposition 3.4.3. The crossed intertwiners ℓeℓe′ and riℓe′ represent the left leg and the right
leg projections of a T-duality correspondence, in the sense that the diagrams
BTD(X)
C
//
B(ℓeℓe′)

T-Corr(X)
L

BTBF2’(X)
F2
// T-BGF2(X)
and
BTD(X)
C
//
B(riℓe′)

T-Corr(X)
R

BTBF2’(X)
F2
// T-BGF2(X)
(3.4.1)
are strictly commutative.
Remark 3.4.4. The homomorphisms ℓeℓe′ and riℓe′ can be lifted into the bigger 2-group TBF2n .
Indeed, riℓe′ can be lifted to a strict intertwiner riℓe : TDn → TB
F2
n given by φ(a ⊕ aˆ) := aˆ
and f(m⊕ mˆ, t) := (τt,m, mˆ), where τt,m(c) = t+mc. The left leg ℓeℓe : TDn → TB
F2
n is again
defined by ℓeℓe := riℓe ◦ fℓip, resulting in
φ(a⊕ aˆ) = a , f(m⊕ mˆ, t) = (τt,mˆ,m) and η(a⊕ aˆ, a
′ ⊕ aˆ′)(c) = aˆa′. (3.4.2)
We identify the induced map
ℓeℓe∗ : H
1(X,TD)→ H1(X,TBF2)
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on the level of cocycles. Suppose (a, aˆ,m, mˆ, t) is a TD-cocycle with respect to an open cover
{Ui}i∈I . Applying the general construction of Appendix A.3 to Eq. (3.4.2) we collect the
aij : Ui ∩ Uj → R
n and mijk ∈ Z
n as they are, and put
τijk(x)(a) := tijk(x) + (a− aik(x))mˆijk − aij(x)aˆjk(x). (3.4.3)
We have the following result:
Theorem 3.4.5. The left leg projection ℓeℓe∗ : H
1(X,TD)→ H1(X,TBF2) is a bijection.
Theorem 3.4.5 can be proved by reducing the proof of our main result, Theorem 4.2.2,
to the case that all occurring so(n,Z)-matrices are zero. Since we never use Theorem 3.4.5
directly, we will not write this out.
Remark 3.4.6. Theorem 3.4.5 implies that the classifying spaces |BTD| and |BTBF2| are
equivalent. Indeed, we have [X, |BTBF2|] ∼= H1(X,TBF2) ∼= H1(X,TD) ∼= [X, |BTD|] for all
X; using Theorem 3.4.5 and the bijection of Remark A.3.2. Thus, the Yoneda lemma implies
the equivalence. An alternative proof of Theorem 3.4.5 would be to prove the equivalence
between the classifying spaces |BTD| and |BTBF2| directly; this is the strategy pursued in
[BRS06]. We remark that the Lie 2-groups TD and TBF2 are not isomorphic, since they have
different homotopy types, see Eqs. (2.2.1) and (3.2.1).
Remark 3.4.7. The results of this section are related to the results of [BRS06]) in the following
way. The bare existence of the map ℓeℓe∗ shows the “only if”-part of Theorem 3.3.3 (corre-
sponding to [BRS06, Theorem 2.23]). Surjectivity in Theorem 3.4.5 provides the “if”-part.
Another result [BRS06, Theorem 2.24 (2)] is that two T-duality triples with isomorphic left
legs are related under the action of so(n,Z) on triples defined in [BRS06]; in particular, they
do not have to be isomorphic. This is not a contradiction to the injectivity of Theorem 3.4.5
because in [BRS06] the left leg projection is the composite
H1(X,TD)
ℓeℓe∗
// H1(X,TBF2) // H1(X,TBF1),
of which the second map is not injective (Remark 2.3.3).
Remark 3.4.8. We obtain a well-defined, canonical map
H1(X,TBF2)
(ℓeℓe∗)−1
// H1(X,TD)
riℓe∗
// H1(X,TBF2).
The existence of this map might be confusing, as it looks like a “T-duality transformation” for
arbitrary F2 T-backgrounds, whereas the results of [BRS06] imply that such a transformation
exist only for n = 1 (since then so(n,Z) = {0}). The point is, again, the non-injectivity of
the map H1(X,TBF2) → H1(X,TBF1), which prevents to define a T-duality transformation
on H1(X,TBF1).
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4 Half-geometric T-duality
In this section, we introduce and study the central objects of this article: half-geometric
T-duality correspondences.
4.1 Half-geometric T-duality correspondences
We define an action of so(n,Z) on the 2-group TDn by crossed intertwiners in the sense of
Definition A.4.1. A matrix B ∈ so(n,Z) acts by a crossed intertwiner
FeB = (φeB , feB , ηeB ) : TDn → TDn,
which we define by:
φeB (a⊕ aˆ) := (a⊕ (Ba+ aˆ))
feB(m⊕ mˆ, t) := (m⊕ (Bm+ mˆ), t)
ηeB(a⊕ aˆ, b⊕ bˆ) := 〈a|B|b〉low.
Remark 4.1.1. The notation eB is used in order to distinguish the so(n,Z)-action on TD
from the so(n,Z)-action on TBF2, which was introduced in Section 2.3 in terms of crossed
intertwiners (φB , fB, ηB) : TB
F2 → TBF2. In fact, eB is our notation for the inclusion
so(n,Z)→ O(n, n,Z) : B 7→ eB :=
(
1 0
B 1
)
.
We show in a separate paper that the automorphism 2-group of TD is a (non-central, non-
splitting) extension of the split-orthogonal group O(n, n,Z) ⊆ GL(2n,Z). This extension
splits over the subgroup so(n,Z). Above action is induced from the action by automorphism
via the inclusion B 7→ eB .
We define the half-geometric T-duality 2-group as the semi-direct product
TD
1
2
-geo := TDn ⋉ so(n,Z),
see Appendix A.4. It has the following invariants:
π0(TD
1
2
-geo) = T2n ⋉ so(n,Z) and π1(TD
1
2
-geo) = U(1), (4.1.1)
where so(n,Z) acts on T2n by multiplication with eB ⊆ GL(2n,Z).
The Lie 2-group TD
1
2
-geo represents a 2-stack over smooth manifolds that we call the
2-stack of half-geometric T-duality correspondences. The reader is free to pick any model
for this 2-stack. The simplest possibility is to take (TD
1
2
-geo)+, which leads to a cocycle
description carried out below in Remark 4.1.2. Other possibilities are to take non-abelian
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TD
1
2
-geo-bundle gerbes [ACJ05, NW13a], principal TD
1
2
-geo-2-bundles [Woc11, SP11, Wal17],
or principal ∞-bundles [NSS15].
Remark 4.1.2. According to Appendix A.4, a TD
1
2
-geo-cocycle with respect to an open
cover {Ui}i∈I is a tuple (B, a, aˆ,m, mˆ, t) consisting of matrices Bij ∈ so(n,Z), numbers
mijk, mˆijk ∈ Z
n, and smooth maps
aij , aˆij : Ui ∩ Uj → R
n and tijk : Ui ∩ Uj ∩ Uk → U(1)
satisfying
Bik = Bjk +Bij (4.1.2)
aik = mijk + ajk + aij (4.1.3)
aˆik = mˆijk + aˆjk + aˆij +Bjkaij (4.1.4)
tikl + tijk = aˆklmijk + 〈mijk|Bkl|aik〉low + 〈ajk|Bkl|aij〉low + tijl + tjkl. (4.1.5)
Note that Eq. (4.1.4) implies
mˆikl + mˆijk +Bklmijk = mˆijl + mˆjkl. (4.1.6)
Also note that for Bij = 0 we obtain precisely the cocycles for TD. Two TD
1
2
-geo-cocycles
(B, a, aˆ,m, mˆ, t) and (B′, a′, aˆ′,m′, mˆ′, t′) are equivalent if there exist Ci ∈ so(n,Z), numbers
zij, zˆij ∈ Z
n, and smooth maps pi, pˆi : Ui → R
n, eij : Ui ∩ Uj → U(1) such that:
Cj +Bij = B
′
ij + Ci (4.1.7)
zij + pj + aij = a
′
ij + pi (4.1.8)
zˆij + pˆj + Cjaij + aˆij = aˆ
′
ij +B
′
ijpi + pˆi (4.1.9)
t′ijk + 〈a
′
ij |B
′
jk|pi〉low − 〈zij |B
′
jk|pj + aij〉low + eij − aˆ
′
jkzij − 〈pj |B
′
jk|aij〉low + ejk
= eik − 〈mijk|Ck|aik〉low + tijk − pˆkmijk − 〈ajk|Ck|aij〉low (4.1.10)
Note that Eq. (4.1.8) implies
m′ijk + zij + zjk = zik +mijk (4.1.11)
Also note that Eq. (4.1.9) implies
mˆ′ijk + zˆij + zˆjk = mˆijk + zˆik +B
′
jkzij + Ckmijk. (4.1.12)
4.2 The left leg of a half-geometric correspondence
We recall from Remark 3.4.4 that the left leg of a T-duality correspondence is represented by
a crossed intertwiner
ℓeℓe = (φ, f, η) : TDn → TB
F2,
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where φ(a ⊕ aˆ) = a and f(m ⊕ mˆ, t) = (τt,mˆ,m) and η(a ⊕ aˆ, a
′ ⊕ aˆ′)(c) = aˆa′. We have
actions of so(n,Z) on both 2-groups by crossed intertwiners (idRn , fB , ηB) and (φeB , feB , ηeB ),
respectively (defined in Sections 2.3 and 4.1). We have the following key lemma.
Lemma 4.2.1. ℓeℓe is strictly so(n,Z)-equivariant in the sense of Definition A.5.1.
Proof. We check for each B ∈ so(n,Z) the three conditions for equivariance listed in Re-
mark A.5.2:
(a) Equivariance of φ: (idRn ◦ φ)(a⊕ aˆ) = a = φ(a⊕ (Ba+ aˆ)) = (φ ◦ φeB )(a⊕ aˆ).
(b) Equivariance of f :
(fB ◦ f)(m⊕ mˆ, t) = fB(τt,mˆ,m) = (τt,mˆ − 〈m|B|,m)
= (τt,Bn+mˆ,m) = f(m⊕ (Bm+ mˆ), t) = (f ◦ feB)(m⊕ mˆ, t).
(c) Compatibility of η:
ηB(φ(a1 ⊕ aˆ1), φ(a2 ⊕ aˆ2)) + fB(η(a1 ⊕ aˆ1, a2 ⊕ aˆ2))
= ηB(a1, a2) + fB(0, aˆ1a2)
= (0⊕ 0, 〈a2|B|a1〉low) + (0⊕ 0, aˆ1a2)
= (0⊕ 0, (−〈a1|B|a2〉+ aˆ1a2) + f(0⊕ 0, 〈a1|B|a2〉low)
= η(a1 ⊕ (Ba1 + aˆ1), a2 ⊕ (Ba2 + aˆ2)) + f(0⊕ 0, 〈a1|B|a2〉low)
= η(φeB (a1 ⊕ aˆ1), φeB (a2 ⊕ aˆ2)) + f(ηeB(a1 ⊕ aˆ1, a2 ⊕ aˆ2)).
Due to the equivariance ℓeℓe induces a semi-strict homomorphism
ℓeℓe
so(n,Z) : TD
1
2
-geo → TBF1,
see Appendix A.5. As described there, it induces in cohomology following map (ℓeℓe
so(n,Z))∗.
Consider a TD
1
2
-geo-cocycle (B, a, aˆ,m, mˆ, t) with respect to an open cover {Ui}i∈I as in Re-
mark 4.1.2. Its image under (ℓeℓe
so(n,Z))∗ is the TB
F1-cocycle (B, a,m, τ) consisting of the
matrices Bij , the smooth maps aij, the numbers mijk, and the smooth maps
τijk : Ui ∩ Uj ∩ Uk → C
∞(Tn,U(1))
defined by
τijk(x)(a) := tijk + mˆijk(a− aik(x))− aij(x)aˆjk(x). (4.2.1)
The following theorem is the main result of this article, and it will be proved in Section 4.3.
Theorem 4.2.2. The left leg projection of a half-geometric T-duality correspondence,
(ℓeℓe
so(n,Z))∗ : H
1(X,TD
1
2
-geo)→ H1(X,TBF1),
is a bijection. In other words, up to isomorphism, every F1 T-background is the left leg of a
unique half-geometric T-duality correspondence.
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Remark 4.2.3. Theorem 4.2.2 implies that the classifying spaces |BTD
1
2
-geo| and |BTBF1| are
equivalent, see Remark 3.4.6. Showing this equivalence directly would provide an alternative
proof of Theorem 4.2.2. The Lie 2-groups TD
1
2
-geo and TBF1 are, however, not equivalent,
since they have different homotopy types, see Eqs. (2.3.1) and (4.1.1).
Remark 4.2.4. In a local version of T-folds, surjectivity was proved by Hull on the level of
differential forms, i.e. with curvature 3-forms H ∈ Ω3(E) instead of bundle gerbes [Hul07]. In
that context, Hull proves that the existence of T-duals of a T-background (E,G) requires that
ιXιYH = 0, where X,Y are vertical vector fields on E; this is a local, infinitesimal version of
the F2 condition. Hull explains that admitting “non-geometric T-duals” allows to replace it
by the weaker condition ιX ιY ιZH = 0; this is a local, infinitesimal version of the F1 condition.
Thus, Theorem 4.2.2 shows that our half-geometric T-duality correspondences realize Hull’s
non-geometric T-duals.
Remark 4.2.5. We consider the half-geometric T-duality correspondence CB whose
TD
1
2
-geo-cocycle is trivial except for the matrices Bij , which then form a 2-cocycle
Bij : Ui ∩ Uj → so(n,Z). This realizes the splitting homomorphism
so(n,Z)dis → TDn ⋉ so(n,Z) = TD
1
2
-geo.
We observe that the left leg of CB is the F1 T-background represented by a cocycle (B, 0, 0, 0),
whose only data are the given matrices Bij . It is the image of the cocycle B under the
2-functor I constructed in Section 2.4. In terms of its geometric version, if Z is a princi-
pal so(n,Z)-bundle over X classified by [B] ∈ H1(X, so(n,Z)), then the F1 T-background
(X × Tn,R
so(n,Z)(Z)) is the left leg of the half-geometric T-duality correspondence CB .
Example 4.2.6. We consider over X = S1 the so(2,Z)-principal bundle Z whose components
are Z11 = Z22 = S1 × Z and Z12 = R → S1, and Z21 = R∨ → S1. If B is a classifying
cocycle, and CB the corresponding half-geometric T-duality correspondence, then CB is the
“non-geometric T-dual” of the F1 T-background (E,G) of Example 2.4.4, with E = T
3 and
G representing the canonical class in H3(T3,Z).
4.3 Proof of the main result
In this section we prove Theorem 4.2.2. Our proof is an explicit calculation on the level of
cocycles, and is performed in three steps.
Step 1: Construction of a pre-image candidate. We start with a TBF1-cocycle
(B, a,m, τ) with respect to an open cover U = {Ui}i∈I , i.e. matrices Bij ∈ so(n,Z), numbers
mijk ∈ Z
n and smooth maps
aij : Ui ∩ Uj → R
n and τijk : Ui ∩ Uj ∩ Uk → C
∞(Tn,U(1))
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satisfying Eqs. (2.3.5) to (2.3.7). Next we construct a TD
1
2
-geo-cocycle (with respect to a
refinement of the open cover U). We define mˆijk ∈ Z
n to be the n winding numbers of
τijk(x) : T
n → U(1), which is independent of x ∈ Ui ∩ Uj ∩ Uk. The cocycle condition for τ
Eq. (2.3.7) implies the necessary condition of Eq. (4.1.6), namely
mˆikl + mˆijk +Bklmijk = mˆijl + mˆjkl, (4.3.1)
since the i-th winding number of −〈mijk|Bkl| is the i-th component of Bklmijk. We define
smooth maps m˜ijk : Ui ∩ Uj ∩ Uk → R by m˜ijk(x) := mˆijk + Bjkaij(x). It is straightforward
to check using Eq. (4.3.1) that m˜ijk is a Cˇech cocycle, i.e. [m˜] ∈ Hˇ
2(M,Rn) = 0. Thus, after
passing to a refinement of U we can assume that there exist smooth maps aˆij : Ui ∩Uj → R
n
satisfying
aˆik = mˆijk + aˆjk + aˆij +Bjkaij ;
this is cocycle condition Eq. (4.1.4) for TD
1
2
-geo-cocycles. On the other hand, by definition of
a winding number, there exist smooth maps
τ˜ijk : (Ui ∩ Uj ∩ Uk)× T
n → R
such that τijk(x)(a) = τ˜ijk(x, a) + amˆijk in U(1). The cocycle condition for τ implies
τ˜ijl(x, a) + amˆijl + τ˜jkl(x, a) + amˆjkl
= τ˜ijk(x, a− akl(x))− akl(x)mˆijk + amˆijk + τ˜ikl(x, a) + amˆikl
− 〈mijk|Bkl|a− akl(x)〉 − 〈aij(x)|Bkl|ajk(x)〉low − 〈aik(x)|Bkl|mijk〉low + ǫijkl
for a uniquely defined ǫijkl ∈ Z. Subtracting a times Eq. (4.3.1) we get
τ˜ijl(x, a) + τ˜jkl(x, a)− τ˜ijk(x, a− akl(x))− τ˜ikl(x, a) + akl(x)mˆijk
− 〈mijk|Bkl|akl(x)〉 + 〈aij(x)|Bkl|ajk(x)〉low + 〈aik(x)|Bkl|mijk〉low = ǫijkl
Since Tn is connected, we see that the expression
δijkl(x) := τ˜ijl(x, a) + τ˜jkl(x, a)− τ˜ijk(x, a− akl(x))− τ˜ikl(x, a) ∈ R (4.3.2)
is independent of a, and
ǫijkl = δijkl(x) + akl(x)mˆijk − 〈mijk|Bkl|akl(x)〉
+ 〈aij(x)|Bkl|ajk(x)〉low + 〈aik(x)|Bkl|mijk〉low. (4.3.3)
Using the independence of a, one can now check that δijkl is a Cˇech cocycle. Thus,
[δ] ∈ Hˇ3(M,R) = 0, and (after again passing to a refinement) there exist smooth maps
ωijk : Ui ∩ Uj ∩ Uk → R with δω = δ. Substituting this in Eq. (4.3.3), and pushing to
U(1)-valued maps, we get
(δω)ijkl(x)+akl(x)mˆijk−〈mijk|Bkl|akl(x)〉+〈aij(x)|Bkl|ajk(x)〉low+〈aik(x)|Bkl|mijk〉low = 0.
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We define
tijk(x) := −ωijk(x) + aij(x)aˆjk(x) + mˆijkaik(x).
A tedious but straightforward calculation shows that tijk satisfies the cocycle condition
Eq. (4.1.5) for TD
1
2
-geo-cocycles. Thus, we have obtained a TD
1
2
-geo-cocycle (B, a, aˆ,m, mˆ, t).
Step 2: Check that the candidate is a pre-image. The left leg of our TD
1
2
-geo-cocycle
(B, a, aˆ,m, mˆ, t) is given by Bij, aij , mijk, and
τ ′ijk(x, a) := tijk(x) + (a− aik(x))mˆijk − aij(x)aˆjk(x) = −ωijk(x) + amˆijk.
We prove that the TBF1n -cocycles (Bij , aij ,mijk, τijk) and (Bij , aij ,mijk, τ
′
ijk) are equivalent.
For this it suffices to provide ǫij : Ui ∩ Uj → C
∞(Tn,U(1)) such that
τ ′ijk +
ajkǫij + ǫjk = ǫik + τijk.
since this is Eq. (2.3.11) for Ci = 0, pi = 0 and zij = 0. In order to construct ǫij, we consider
the smooth maps βijk : Ui ∩ Uj ∩ Uk → C
∞(Tn,R) defined by
βijk(x)(a) := τ˜ijk(x, a) + ωijk(x).
These satisfy the following condition:
βikl +
aklβijk − βijl − βjkl
Eq. (4.3.2)
↓
= −δijkl + (δω)ijkl = 0 (4.3.4)
It also satisfies (after pushing to C∞(Tn,U(1))):
βijk(x)(a) = τ˜ijk(x, a) + ωijk(x) = τijk(x)(a)− amˆijk + ωijk(x) = τijk(x)(a)− τ
′
ijk(x)(a).
Let {ψi}i∈I be a partition of unity subordinate to our open cover. We define
ǫij(x)(a) :=
∑
h∈I
ψh(x)βhij(x)(a).
Then we obtain
ǫij(x)(a− ajk) + ǫjk(x)(a)− ǫik(x)(a)
=
∑
h∈I
ψh(x) (βhij(x)(a− ajk) + βhjk(x)(a)− βhik(x)(a))
Eq. (4.3.4)
↓
=
∑
h∈I
ψh(x)βijk(x, a)
= βijk(x, a).
This shows the claimed equivalence.
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Step 3: Injectivity of the left leg. We suppose that we have two TD
1
2
-geo-cocycles
(B, a, aˆ,m, mˆ, t) and (B′, a′, aˆ′,m′, mˆ′, t′) whose left legs (B, a,m, τ) and (B′, a′,m′, τ ′) are
equivalent. Thus, there exist matrices Ci ∈ so(n,Z), numbers zij ∈ Z
n and smooth maps
pi : Ui → R
n and ǫij : Ui ∩ Uj → C
∞(Tn,U(1))
such that the cocycle conditions Eqs. (2.3.9) to (2.3.12) are satisfied. Expressing Eq. (2.3.11)
in terms of tijk and t
′
ijk using the definition of left legs, we obtain
t′ijk(x)− tijk(x)− mˆ
′
ijka
′
ik(x) + mˆijk(aik(x) + pk(x))− a
′
ij(x)aˆ
′
jk(x) + aij(x)aˆjk(x)
+ 〈pi(x)|B
′
jk|a
′
ij(x)〉low − 〈pj(x) + aij(x)|B
′
jk|zij〉low + 〈zij |B
′
jk|a
′
jk(x)〉
− 〈aij(x)|B
′
jk|pj(x)〉low + 〈aik(x)|Ck|mijk〉low
− 〈mijk|Ck|pk(x)〉+ 〈aij(x)|Ck|ajk(x)〉low
= ǫik(x, a)− ǫij(x, a− a
′
jk(x)) − ǫjk(x, a)
+ (mˆijk − mˆ
′
ijk)a− 〈mijk|Ck|a〉+ 〈zij |B
′
jk|a〉. (4.3.5)
In order to show the equivalence between the TD
1
2
-geo-cocycles (B, a, aˆ,m, mˆ, t) and
(B′, a′, aˆ′,m′, mˆ′, t′), our goal is to find numbers zˆij ∈ Z
n, and smooth maps pˆi : Ui → R
n
and eij : Ui ∩ Uj → U(1) such that the remaining required cocycle conditions Eqs. (4.1.9)
and (4.1.10) are satisfied. We let zˆij ∈ Z
n be the n winding numbers of ǫij(x) : T
n → U(1).
Eq. (4.3.5) implies
0 = zˆik − zˆij − zˆjk + mˆijk − mˆ
′
ijk + Ckmijk −B
′
jkzij ; (4.3.6)
this is necessary for Eq. (4.1.12). We consider βij := zˆij + Cjaij + aˆij − aˆ
′
ij − B
′
ijpi,
which is by Eq. (4.3.6) an Rn-valued Cˇech 1-cocycle, and chose pˆi : Ui → R
n such that
βij = pˆi − pˆj; this gives Eq. (4.1.9). By definition of a winding number, there exist smooth
maps ǫ˜ij : (Ui∩Uj)×T
n → R such that ǫij(x)(a) = ǫ˜ij(x, a)+awij . Substituting in Eq. (4.3.5)
and subtracting Eq. (4.3.6) we get
t′ijk(x)− tijk(x)− mˆ
′
ijka
′
ik(x) + mˆijk(aik(x) + pk(x))− a
′
ij(x)aˆ
′
jk(x) + aij(x)aˆjk(x)
+ 〈pi(x)|B
′
jk|a
′
ij(x)〉low − 〈pj(x) + aij(x)|B
′
jk|zij〉low
+ 〈zij |B
′
jk|a
′
jk(x)〉 − 〈aij(x)|B
′
jk|pj(x)〉low + 〈aik(x)|Ck|mijk〉low
− 〈mijk|Ck|pk(x)〉+ 〈aij(x)|Ck|ajk(x)〉low − a
′
jk(x)zˆij
= ǫijk + ǫ˜ik(x, a)− ǫ˜ij(x, a− a
′
jk(x)) − ǫ˜jk(x, a).
as an equation in R, for a uniquely determined constant ǫijk ∈ Z. This means that the
expression
ρijk(x, a) := ǫ˜ik(x, a)− ǫ˜ij(x, a− a
′
jk(x)) − ǫ˜jk(x, a)
is independent of a. It is straightforward to check that ρijk is a Cˇech cocycle, so that
[ρ] ∈ Hˇ2(X,R) = 0. Thus, there exist e′ij : Ui ∩ Uj → R
n such that ρijk = (δe
′)ijk. Now
– 38 –
we have
t′ijk(x)− tijk(x)− mˆ
′
ijka
′
ik(x) + mˆijk(aik(x) + pk(x))− a
′
ij(x)aˆ
′
jk(x) + aij(x)aˆjk(x)
+ 〈pi(x)|B
′
jk|a
′
ij(x)〉low − 〈pj(x) + aij(x)|B
′
jk|zij〉low
+ 〈zij |B
′
jk|a
′
jk(x)〉 − 〈aij(x)|B
′
jk|pj(x)〉low + 〈aik(x)|Ck|mijk〉low
− 〈mijk|Ck|pk(x)〉+ 〈aij(x)|Ck|ajk(x)〉low − a
′
jk(x)zˆij
= e′ik − e
′
ij − e
′
jk.
We consider ηijk := (pi − pj)(pˆk − pˆj). It is easy to check that (δη)ijkl = 0. After subtracting
ηijk from ρijk, we can assume that (δe
′)ijk = ρijk − ηijk. Finally, we consider
eij := e
′
ij − zˆija
′
ij − aij pˆj + aˆijpi + 〈pi|Cj |aij〉 ∈ U(1).
It is again tedious, but straightforward to check that
(δe)ijk = t
′
ijk − tijk − zij aˆ
′
jk +mijkpˆk + 〈a
′
ij |B
′
jk|pi〉low − 〈pj|B
′
jk|aij〉low
+ 〈mijk|Ck|aik〉low + 〈ajk|Ck|aij〉low − 〈zij |B
′
jk|pj + aij〉low
i.e., the remaining cocycle condition Eq. (4.1.10) is satisfied, and we have proved the equiva-
lence of the two TD
1
2
-geo-cocycles.
4.4 Remarks about half-geometric T-duality
4.4.1 Polarizations
By Proposition A.4.3 we have for all smooth manifolds an exact sequence
H1(X,TD)/so(n,Z)→ H1(X,TD
1
2
-geo)→ H1(X, so(n,Z))→ 0.
In particular, every half-geometric T-duality correspondence C has an underlying principal
so(n,Z)-bundle p∗(C), and if that bundle is trivializable, then the half-geometric T-duality
correspondence is isomorphic to a (geometric) T-duality correspondence. We have the follow-
ing natural definition:
Definition 4.4.1.1. A polarization of a half-geometric T-duality correspondence C over X is
a section σ of the underlying so(n,Z)-bundle p∗(C).
One can easily verify on the level of cocycles, that a choice of a polarization σ of C deter-
mines a T-duality correspondence Cgeoσ together with an isomorphism C ∼= C
geo
σ . Alternatively,
this follows from the fact that the sequence TD→ TD
1
2
-geo → so(n,Z) is a fibre sequence; see
[NW13b]. In particular, R(Cgeoσ ) is T-dual to L(C
geo
σ ), and the F2 T-background L(C
geo
σ ) is
isomorphic as T-backgrounds to the left leg of C.
– 39 –
Polarizations exist always locally. If U ⊆ X is connected, then – since so(n,Z) is discrete
– two polarizations σ1 and σ2 over U differ by a uniquely defined matrix D ∈ so(n,Z), via
σ2 = σ1 · D. The corresponding T-duality correspondences C
geo
σ1 and C
geo
σ2 differ then by the
action of precisely this D ∈ so(n,Z).
Assume H1(X,Z) = 0, for example when X is connected and simply-connected. We have
seen in Remark 2.3.3 that every F1 T-background is isomorphic to an F2 T-background, and
hence T-dualizable. Correspondingly, every half-geometric T-duality correspondence is iso-
morphic to a (geometric) T-duality correspondence, under the choice of a global polarization.
4.4.2 Inclusion of ordinary T-duality
The semi-strict homomorphism i : TD → TD
1
2
-geo allows to consider ordinary T-duality
correspondences as half-geometric T-duality correspondences. We have the following result:
Proposition 4.4.2.1. Let C1 and C2 be two T-duality correspondences over a smooth manifold
X. Then, the following two statements are equivalent:
(a) C1 and C2 are isomorphic as half-geometric T-duality correspondences.
(b) The left legs L(C1) and L(C2) are isomorphic as T-backgrounds.
(c) For each connected component of X there exists a matrix B ∈ so(n,Z) such that
(FeB )∗(C1) and C2 are isomorphic as T-duality correspondences.
In (c), FeB : TD→ TD is the action of so(n,Z) on TD defined in Section 4.1.
Proof. By construction, the diagram
TD
ℓeℓe
//

TB
F2

TD
1
2
-geo
ℓeℓe
so(n,Z)
// TB
F1
is strictly commutative, and induces the following diagram commutative in cohomology,
H1(X,TD)
ℓeℓe∗
//

H1(X,TBF2)

H1(X,TD
1
2
-geo)
(ℓeℓe
so(n,Z))∗
// H1(X,TBF1).
Commutativity shows that (a) implies (b). The injectivity in Theorem 4.2.2 shows the con-
verse implication. By Proposition A.4.3 i induces a well-defined map
H1(X,TD)/so(n,Z)→ H1(X,TD
1
2
-geo),
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whose existence shows that (c) implies (a). Over each connected component this map is
injective, which shows that (a) implies (c).
Remark 4.4.2.2. The equivalence of (b) and (c) was already proved in [BRS06].
4.4.3 Half-geometric T-duality correspondences with trivial torus bundle
In order to investigate half-geometric T-duality correspondences whose left legs have trivial
torus bundles, we consider the following sequence of Lie 2-group homomorphisms:
so(n,Z)dis × R
n/Zn ×BU(1)
I˜
// TD
1
2
-geo T˜
// T
n
dis, (4.4.3.1)
where T˜ := T ◦ ℓeℓe
so(n,Z), with T : TB
F1 → Tndis defined in Section 2.4. In other words,
T˜ projects to the underlying torus bundle of the left leg. By Rn/Zn we have denoted the
crossed module (Rn,Zn, t, α), where t : Zn → Rn is the inclusion, and α is the trivial action.
The homomorphism I˜ is defined as follows. It sends an object (B, b, ∗) to (0, b, B), and a
morphism (B,m, b, t) : (B, b, t)→ (B, b+m, t) to (0, b, 0,m, t,B).
Lemma 4.4.3.1. The following sequence induced by Eq. (4.4.3.1) in cohomology is exact:
H1(X, so(n,Z))×H1(X,Rn/Zn)×H3(X,Z)
I˜∗
// H1(X,TD
1
2
-geo)
T˜∗
// H2(X,Zn) // 0
Here we have used the usual identifications between non-abelian cohomology and ordinary
cohomology, see Remark A.3.3.
Proof. We compare with the sequence of Lemma 2.4.1. There is an obvious strict intertwiner
ζ : Rn/Zn → BZn, making the diagram
so(n,Z)dis × R
n/Zn ×BU(1)
I˜
//
id×ζ×id

TD
1
2
-geo
ℓeℓe
so(n,Z)

so(n,Z)dis ×BZ
n ×BU(1)
I
// TB
F1
commutative. It is easy to check that ζ induces a bijection
H1(X,Rn/Zn) ∼= H1(X,BZn) = H2(X,Zn).
Together with Theorem 4.2.2 we have the claim.
Restricting to ordinary T-duality correspondences, we obtain a diagram
R
n/Zn ×BU(1)

// TD //

T
n
dis
so(n,Z)dis × R
n/Zn ×BU(1)
I˜
// TD
1
2
-geo T˜
// T
n
dis
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in which all horizontal and vertical sequences induce exact sequences in the sense of
Lemma 4.4.3.1 and Proposition A.4.3. This diagram describes ordinary and half-geometric
T-duality correspondences whose left legs have trivial torus bundles.
The homomorphism I˜ lifts the 2-functor I defined in Section 2.4 along the left leg pro-
jection, in the sense that we have the following commutative diagram, which combines the
results of this section and Section 2.4:
R
n/Zn ×BU(1)
ζ×id

tt✐✐✐
✐✐✐
✐✐✐
✐✐✐✐
✐✐
// TD
ℓeℓe

||②②
②②
②②
// T
n
dis
✁✁
✁✁
✁✁
so(n,Z)dis × R
n/Zn ×BU(1)
I˜
//
id×ζ×id

TD
1
2
-geo
//
ℓeℓe
so(n,Z)

T
n
dis
BZn ×BU(1) //
tt❤❤❤❤
❤❤❤❤
❤❤❤❤
❤❤
TB
F2
{{✇✇
✇✇
✇✇
✇
// T
n
dis
so(n,Z)dis ×BZ
n ×BU(1)
I
// TB
F1 // Tndis
⑧⑧⑧⑧⑧⑧
In Section 2.4 we have described a geometric counterpart of the homomorphism I, the
2-functor of Eq. (2.4.3). The 2-functor I˜ has in general no such counterpart in classical geo-
metry, since the resulting half-geometric T-duality correspondences are only half -geometric.
Geometrically accessible is only the restriction of I˜ to Rn/Zn × BU(1), which assigns a T-
duality correspondence ((E,G), (Eˆ, Ĝ),D) to a Rn/Zn-bundle gerbe H˜ and a U(1)-bundle
gerbe G over X. For completeness, let us describe this correspondence. Without explaining
in more detail what a Rn/Zn-bundle gerbe is, we remark that it induces a Zn-bundle gerbe
H := (ζ)∗(H˜), and, via the strict intertwiner R
n/Zn → Tndis, a T
n-bundle E over X. The two
characteristic classes coincide:
DD(H) = c1(E) ∈ H
2(X,Zn).
The left leg of this correspondence is the F2 T-background (E,G) = (X×T
n,RZ(H)⊗pr
∗
XG),
see Section 2.4. For the right leg, we notice that the composition
R
n/Zn ×BU(1)
I˜
// TD
riℓe′
// TB
F2’
sends an object (b, ∗) ∈ Rn to (0, b) in TD and then to b ∈ Tn, and a morphism
(m, b, t) ∈ Zn×Rn×U(1) to (0, b, 0,m, t) in TD and then to (b, t) ∈ Tn×C∞(Tn,U(1)), where t
is regarded as a constant map. Thus, the right leg is the F3 T-background (Eˆ, Ĝ) = (E,pr
∗
XG),
see Remark 2.2.6. It remains to construct the 1-isomorphism D : pr∗1G → pr
∗
2Ĝ over E ×X Eˆ.
We identify the latter correspondence space canonically with Tn × E, so that D becomes a
1-isomorphism
D : (id× prX)
∗RZ(H)⊗ pr
∗
XG → pr
∗
XG
over Tn × E. This is equivalent to specifying a trivialization of (id× prX)
∗RZ(H).
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4.4.4 Twisted K-theory
The twisted K-theory K•(C) of a half-geometric T-duality correspondence C is by definition
the twisted K-theory of its left leg (E,G), i.e. the G-twisted K-theory of the manifold E, i.e.,
K•(C) := K•(E,G).
We discuss the local situation. Consider an open set U ⊆ X over which C admits a polar-
ization σ, with associated T-duality correspondence Cgeoσ and an isomorphismAσ : C|U → C
geo
σ .
We denote the restriction of the left leg (E,G) to U by (EU ,GU ). The isomorphism A induces
an isomorphism Aσ : (EU ,GU )→ L(C
geo
σ ), and
K•(C) = K•(E,G)
res
// K•(EU ,GU )
Aσ
// K•(L(Cgeoσ ))
T
// K•−n(R(Cgeoσ )),
where T denotes the T-duality transformation for T-duality correspondences, defined in
[BHM04] (for twisted de Rham cohomology) and (in full generality) in [BS05]. If another
polarization σ′ over U is chosen, we see that there is a canonical isomorphism
K•(R(Cgeoσ ))
∼= K•(R(C
geo
σ′ ))
between the locally defined twisted K-theories of the locally defined right legs. In an upcoming
paper we will discuss more general versions of T-folds, and their twisted K-theory.
A Lie 2-groups
In this appendix we collect required definitions and results in the context of Lie 2-groups, and
provide a number of complimentary new results.
A.1 Crossed modules and crossed intertwiners
A crossed module is a quadruple Γ = (G,H, t, α) with Lie groups G and H, a Lie group
homomorphism t : H → G and a smooth action α : G×H → H by Lie group homomorphisms,
such that
α(t(h), h′) = hh′h−1 and t(α(g, h)) = gt(h)g−1
for all g ∈ G and h, h′ ∈ H. We write U := Ker(t), which is a central Lie subgroup of H and
invariant under the action of G on H.
Essential for this article is the choice of an appropriate class of homomorphisms between
crossed modules, which we call “crossed intertwiners”. They are weaker than the obvious
notion of a “strict intertwiner” (namely, a pair of Lie group homomorphisms respecting all
structure) but stricter than weak equivalences (also known as “butterflies”).
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Definition A.1.1. Let Γ = (G,H, t, α) and Γ′ = (G′,H ′, t′, α′) be crossed modules. A crossed
intertwiner F : Γ→ Γ′ is a triple F = (φ, f, η) consisting of Lie group homomorphisms
φ : G→ G′ and f : H → H ′,
and of a smooth map η : G × G → U ′ satisfying the following axioms for all h, h′ ∈ H and
g, g′, g′′ ∈ G:
(CI1) φ(t(h)) = t(f(h)).
(CI2) η(t(h), t(h′)) = 1.
(CI3) η(g, t(h)g−1) · f(α(g, h)) = α′(φ(g), η(t(h)g−1 , g)) · α′(φ(g), f(h)).
(CI4) η(g, g′) · η(gg′, g′′) = α′(φ(g), η(g′ , g′′)) · η(g, g′g′′).
We remark that these axioms imply the following:
• f(u) ∈ U ′ for all u ∈ U .
• η(g, 1) = 1 = η(1, g).
• η(g, g−1) = α′(φ(g), η(g−1, g)).
A crossed intertwiner (φ, f, η) is called strict intertwiner if η = 1. The composition of crossed
intertwiners is defined by
(φ2, f2, η2) ◦ (φ1, f1, η1) := (φ2 ◦ φ1, f2 ◦ f1, η2 ◦ (φ1 × φ1) · f2 ◦ η1). (A.1.1)
It is straightforward but a bit tedious to show that the composition is again a crossed in-
tertwiner,whereas it is easy to check that composition is associative. The identity crossed
intertwiner is (idG, idH , 1). The invertible crossed intertwiners from a crossed module Γ to
itself form a group AutCI(Γ), which we will use in Appendix A.4 in order to define group
actions on crossed modules.
Example A.1.2.
• If A is an abelian Lie group, then BA := ({e}, A, t, α) is a crossed module in a unique
way. If A′ is another Lie group, then a crossed intertwiner BA → BA′ is exactly the
same as a Lie group homomorphism A→ A′.
• If G is any Lie group, then Gdis := (G, {∗}, t, α) is a crossed module in a unique way. If
G′ is another Lie group, then a crossed intertwiner Gdis → G
′
dis is exactly the same as a
Lie group homomorphism φ : G→ G′.
A.2 Semi-strict Lie 2-groups
Crossed modules of Lie groups correspond to strict Lie 2-groups. We need a more general
class of Lie 2-groups.
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Definition A.2.1. A semi-strict Lie 2-group is a Lie groupoid Γ together with smooth functors
m : Γ× Γ→ Γ and i : Γ→ Γ,
a distinguished element 1 ∈ Ob(Γ), and a smooth natural transformation (“associator”)
Γ× Γ× Γ
id×m

m×id
// Γ× Γ
λ
♥♥♥
♥♥♥
♥
♥♥♥
♥♥♥
♥
s{ ♥♥♥
♥♥♥♥♥♥
♥♥♥
m

Γ× Γ
m
// Γ
such that:
(a) 1 is a strict unit with respect to m, i.e. m(γ, id1) = γ = m(id1, γ) for all γ ∈ Mor(Γ).
(b) i provides strict inverses for m, i.e. m(γ, i(γ)) = id1 = m(i(γ), γ) for all γ ∈ Mor(Γ).
(c) λ is coherent over four copies of Γ, all components are endomorphisms (i.e. s◦λ = t◦λ),
and λ(1, 1, 1) = id1.
The manifold Ob(Γ) is a Lie group with multiplication m, unit 1, and inversion i; likewise,
the set π0Γ of isomorphism classes of objects is a group. The set π1Γ of automorphisms of
1 ∈ Ob(Γ) forms a group under composition and multiplication; these two group structures
commute and are hence abelian. Semi-strict Lie 2-groups are (coherent) Lie 2-groups in the
sense of [BL04] and have been considered in [JSW15]. A semi-strict Lie 2-group is called strict
Lie 2-group if the associator is trivial, i.e. λ(g1, g2, g3) = idg1g2g3 .
Definition A.2.2. Let Γ and Γ′ be semi-strict Lie 2-groups. A semi-strict homomorphism
between Γ and Γ′ is a smooth functor F : Γ → Γ′ together with a natural transformation
(“multiplicator”)
Γ× Γ
m
//
F×F

Γ
χ
②②
②②
②
x  ②②
②
F

Γ′ × Γ′
m′
// Γ′
satisfying the following conditions:
(a) its components are endomorphisms, i.e. s(χ(g1, g2)) = t(χ(g1, g2)) for all g1, g2 ∈ Ob(Γ).
(b) it respects the units: χ(1, 1) = id1.
(c) it is compatible with the associators λ and λ′ in the sense that for all g1, g2, g3 ∈ Ob(Γ)
we have
λ′(F (g3), F (g2), F (g1)) ◦ (χ(g3, g2) · idF (g1)) ◦ χ(g3g2, g1)
= (idF (g3) · χ(g2, g1)) ◦ χ(g3, g2g1) ◦ F (λ(g3, g2, g1))
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We remark that a semi-strict homomorphism F induces a group homomorphism on the
level of objects. Semi-strict homomorphisms have an associative composition given by the
composition of functors and the “stacking” of the multiplicators. A semi-strict homomorphism
is called strict homomorphism if the multiplicator χ is trivial.
We consider crossed modules and crossed intertwiners as special cases of semi-strict Lie
2-groups and semi-strict homomorphisms. A crossed module Γ = (G,H, t, α) defines the Lie
groupoid (we denote it by the same letter) Γ, with Ob(Γ) := G and Mor(Γ) = H ⋉α G with
source (h, g) 7→ g and target (h, g) 7→ t(h)g, and the composition is induced from the group
structure of H. The functors m : Γ × Γ → Γ and i : Γ → Γ are defined using the Lie group
structures on G and H. The associator is trivial; thereby, Γ is a strict Lie 2-group. It is
well-known that every strict Lie 2-group is of this form.
Next we consider a crossed intertwiner F = (φ, f, η) : Γ → Γ′ between crossed modules
Γ = (G,H, t, α) and Γ′ = (G′,H ′, t′, α′), and identify Γ and Γ′ with their associated strict
Lie 2-groups. We define a corresponding semi-strict homomorphism (denoted by the same
letter), based on the smooth functor with the following assignments to objects g ∈ Ob(Γ) and
morphisms (h, g) ∈ Mor(Γ):
F (g) := φ(g) and F (h, g) := (η(t(h), g)−1 · f(h), φ(g)).
The smooth map η defines a multiplicator χ for F with component map
χ(g, g′) := (η(g, g′), φ(gg′)).
It is straightforward though again tedious to show that it satisfies all conditions of Defini-
tion A.2.2. Thus, (F, χ) is a semi-strict homomorphism. It is obvious that strict intertwiners
induce strict homomorphisms.Further, the smooth functor associated to a composition of
crossed intertwiners is the composition of the separate functors, and the “stacking” of the
corresponding multiplicators χ1 and χ2 is precisely the multiplicator of the composition.
Summarizing, we have defined a functor from the category of crossed modules and crossed
intertwiners to the category of strict Lie 2-groups and semi-strict homomorphisms.
A.3 Non-abelian cohomology for semi-strict Lie 2-groups
To a semi-strict Lie 2-group Γ we associate a presheaf of bicategories BΓ := C∞(−, BΓ)
of smooth BΓ-valued functions. Explicitly, the bicategory BΓ(X) associated to a smooth
manifold X is the following:
• It has just one object.
• The 1-morphisms are all smooth maps g : X → Ob(Γ); composition is the pointwise
multiplication.
• The 2-morphisms between g1 and g2 are all smooth maps h : X → Mor(Γ) such that
s ◦ h = g1 and t ◦ h = g2. Vertical composition is the pointwise composition in Γ, and
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horizontal composition is pointwise multiplication.
Definition A.3.1. Let F be a 2-stack over smooth manifolds, and Γ be a semi-strict Lie 2-
group. We say that F is represented by Γ, if there exists an isomorphism of 2-stacks BΓ+ ∼= F .
Here, BΓ+ denotes the 2-stackification, which can be performed e.g. with a construction
described in [NS11]. The objects of BΓ+(X) are called Γ-cocycles, and the non-abelian coho-
mology of X with values in smooth Γ-valued functions is by definition the set of equivalence
classes of Γ-cocycles, i.e., H1(X,Γ) := h0(BΓ
+(X)).
Remark A.3.2. For strict Lie 2-groups Γ, there is a classifying space for the 0-truncation
of a 2-stack F represented by a semi-strict Lie 2-group Γ: one can use a certain geometric
realization |Γ| such that
h0F(X) ∼= h0BΓ
+(X) ∼=H1(X,Γ) ∼= [X, |Γ|],
where the last bijection was shown in [BS09]. More precisely, in [BS09, Theorem 1] it was
shown for well-pointed strict topological 2-groups that |Γ| represents the continuous non-
abelian cohomology, and in [NW13a, Prop. 4.1] we have proved for Lie 2-groups (which are
automatically well-pointed) that continuous and smooth non-abelian cohomologies coincide.
Remark A.3.3.
(a) For a Lie group G and the strict Lie 2-group Γ = Gdis we have H
1(X,Gdis) = Hˇ
1(X,G),
the Cˇech cohomology with values in the sheaf of smooth G-valued functions. In particular,
if G is discrete, this is the ordinary cohomology H1(X,G).
(b) For an abelian Lie group A and strict Lie 2-group Γ = BA we have
H1(X,BA) = Hˇ2(X,A). In particular, H1(X,BU(1)) = Hˇ2(X,U(1)), which is isomorphic
to H3(X,Z).
The Γ-cocycles for semi-strict Lie 2-groups have been worked out in [JSW15]. With
respect to an open cover {Ui}i∈I , they are pairs (g, γ) consisting of smooth maps
gij : Ui ∩ Uj → Ob(Γ) and γijk : Ui ∩ Uj ∩ Uk → Mor(Γ)
such that the following conditions are satisfied:
(1) gii = 1, γiij = γijj = idgij .
(2) s(γijk) = gjk · gij and t(γijk) = gik.
(3) γikl ◦ (idgkl · γijk) ◦ λ(gkl, gjk, gij) = γijl ◦ (γjkl · idgij).
Here we have abbreviated the multiplication m of Γ by “·”. Two Γ-cocycles (g, γ) and (g′, γ′)
are equivalent, if there exist smooth maps hi : Ui → Ob(Γ) and ǫij : Ui ∩ Uj → Mor(Γ) such
that
(4) ǫii = idhi .
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(5) s(ǫij) = hj · gij and t(ǫij) = g
′
ij · hi.
(6) (γ′ijk · idhi) ◦ λ(g
′
jk, g
′
ij , hi)
−1 ◦ (idg′
jk
· ǫij) ◦ λ(g
′
jk, hj , gij) ◦ (ǫjk · idgij )
= ǫik ◦ (idhk · γijk) ◦ λ(hk, gjk, gij).
A semi-strict homomorphism F : Γ→ Γ′ induces a map
F∗ : H
1(X,Γ)→ H1(X,Γ′)
in non-abelian cohomology. It can be described on the level of Γ-cocycles in the following
way. If (g, γ) is a Γ-cocycle with respect to an open cover {Ui}i∈I then the corresponding
Γ′-cocycle (g′, γ′) := F∗(g, γ) is given by γ
′
ijk := F (γijk) ◦ χ(gjk, gij)
−1 and g′ij := F (gij).
If the Lie 2-group Γ is strict, one can reduce and reformulate Γ-cocycles in terms
of the corresponding crossed module (G,H, t, α), resulting in the usual cocycles for non-
abelian cohomology. Concerning a cocycle (g, γ), we keep the functions gij as they are,
and write γijk = (aijk, gjkgij) under the decomposition Mor(Γ) = H ⋉ G, for smooth maps
aijk : Ui ∩ Uj ∩ Uk → H satisfying conditions equivalent to (1) to (3): aiij = aijj = 1,
t(aijk)gjkgij = gik and aikl · α(gkl, aijk) = aijl · ajkl.
Similarly, for an equivalence between cocycles, we write ǫij = (eij , hjgij) for smooth maps
eij : Ui ∩ Uj → H satisfying conditions equivalent to (4) to (6): eii = 1 and
t(eij)hjgij = g
′
ijhi and a
′
ijkα(g
′
jk, eij)ejk = eikα(hk, aijk). (A.3.1)
Now let F : Γ → Γ′ be a crossed intertwiner between crossed modules Γ and Γ′, with
F = (φ, f, η). Passing to the associated semi-strict homomorphism, using its induced map in
cohomology, and reformulating in terms of crossed modules, we obtain the following. If (g, a)
is a Γ-cocycle, then the corresponding Γ′-cocycle (g′, a′) := F∗(g, a) is given by g
′
ij = φ(gij)
and a′ijk := η(t(aijk), gjkgij)
−1 · f(aijk) · η(gjk, gij)
−1.
A.4 Semi-direct products
Let U be a (discrete) group, and let Γ be a crossed module.
Definition A.4.1. An action of U on Γ by crossed intertwiners is a group homomorphism
ϕ : U → AutCI(Γ).
The crossed intertwiner ϕ(u) associated to u ∈ U will be denoted by Fu = (φu, fu, ηu),
and as before we may consider Γ as a strict Lie 2-group, Fu as a smooth functor Fu : Γ→ Γ
with some multiplicator χu.
Given an action of U on Γ by crossed intertwiners, we define a semi-strict Lie 2-group
Γ⋉ϕ U , called the semi-direct product of Γ with U . Its underlying Lie groupoid is Γ× Udis.
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We equip it with a multiplication functor m : (Γ × Udis) × (Γ × Udis) → Γ× Udis defined on
objects and morphisms by
(g2, u2) · (g1, u1) := (g2Fu2(g1), u2u1) and (γ2, u2) · (γ1, u1) := (γ2 · Fu2(γ1), u2u1).
It is straightforward to check that this is a functor. The associator λ for the multiplication
m is given by
λ((g3, u3), (g2, u2), (g1, u1)) := (idg3 · χu3(g2, Fu2(g1))
−1, u3u2u1).
The inversion functor i : Γ→ Γ is defined by
i(g, u) := (Fu−1(g
−1), u−1) and i(γ, u) := (Fu−1(γ
−1), u−1).
It is again straightforward, though again a bit tedious, to check that all conditions for semi-
strict Lie 2-groups are satisfied. Its invariants are
π0(Γ⋉ϕ U) = π0(Γ)⋉ U and π1(Γ⋉ϕ U) = π1(Γ),
where the action of π0 on π1 is induced from the one of Γ.
We investigate how the (Γ ⋉ϕ U)-cocycles look like, reducing the Γ-cocycles of Ap-
pendix A.3 to the present situation. For an open cover {Ui}i∈I a cocycle is a triple (u, g, γ)
consisting of smooth maps
uij : Ui ∩ Uj → U , gij : Ui ∩ Uj → Ob(Γ) and γijk : Ui ∩ Uj ∩ Uk → Mor(Γ)
such that the following conditions are satisfied:
(1) gii = 1, uii = 1, γiij = γijj = idgij .
(2) ujk · uij = uik and s(γijk) = gjk · φujk(gij) and t(γijk) = gik
(3) γikl ◦ (idgkl · Fukl(γijk)) = γijl ◦ (γjkl · Fujl(idgij)) ◦ (idgkl · χukl(gjk, Fujk (gij))).
Two (Γ ⋉ϕ U)-cocycles (u, g, γ) and (u
′, g′, γ′) are equivalent, if there exist smooth maps
hi : Ui → Mor(Γ), vi : Ui → U and ǫij : Ui ∩ Uj → Mor(Γ) such that
(4) ǫii = idhi .
(5) vj · uij = u
′
ij · vi and s(ǫij) = hj · φvj (gij) and t(ǫij) = g
′
ij · φu′ij (hi).
(6) (γ′ijk · Fu′ik(idhi)) ◦ (idg
′
jk
· χu′
jk
(g′ij , Fu′ij (hi))) ◦ (idg′jk · Fu
′
jk
(ǫij))
◦(idg′
jk
· χu′
jk
(hj , Fvj (gij))
−1) ◦ (ǫjk · Fvkujk(idgij))
= ǫik ◦ (idhk · Fvk(γijk)) ◦ (idhk · η˜vk(gjk, Fujk(gij))
−1).
We formulate these results in terms of the crossed module Γ = (G,H, t, α) and of the
crossed intertwiner Fu = (φu, fu, ηu) associated to u ∈ U . For a cocycle (u, g, γ), we start by
writing γijk = (aijk, gjk ·φujk(gij)) for functions aijk : Ui∩Uj ∩Uk → H, and get the following
conditions:
(1’) gii = 1, uii = 1, aiij = aijj = 1.
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(2’) ujk · uij = uik and t(aijk) · gjk · φujk(gij) = gik
(3’) aikl · α(gkl, ηukl(gikφujk(gij)
−1g−1jk , gjkφujk(gij))
−1fukl(aijk))
= aijl · ajkl · α(gkl, ηukl(gjk, φujk(gij))).
For an equivalence (ǫ, h, v) we write ǫij = (eij , hj · φvj (gij)) with eij : Ui ∩ Uj → H, and get
(4’) eii = 1.
(5’) vj · uij = u
′
ij · vi and t(eij) · hj · φvj (gij) = g
′
ij · φu′ij (hi).
(6’) a′ijk · α(g
′
jk, ηu′jk(g
′
ij , φu′ij (hi))) · α(g
′
jk, ηu′jk(t(eij), hjφvj (gij)))
−1
· α(g′jk, fu′jk(eij)) · α(g
′
jk, ηu′jk(hj , φvj (gij))
−1) · ejk
= eik · α(hk, ηvk(t(aijk), gjkφujk(gij)))
−1 · α(hk, fvk(aijk)) · α(hk, ηvk(gjk, φujk(gij))
−1)
Finally, we notice that the semi-direct product fits into a sequence
Γ
i
// Γ⋉ϕ U
p
// Udis (A.4.1)
of semi-strict Lie 2-groups and semi-strict homomorphisms defined in the obvious way. We
want to investigate the induced sequence in non-abelian cohomology. For u ∈ U the crossed
intertwiner Fu : Γ → Γ induced a map (Fu)∗ : H
1(X,Γ) → H1(X,Γ), forming an action of U
on the set H1(X,Γ).
Lemma A.4.2. Consider x1, x2 ∈ H
1(X,Γ). Then, i∗(x1) = i∗(x2) if there exists u ∈ U
with (Fu)∗(x1) = x2. If X is connected, then “only if” holds, too.
Proof. We show first the “only if”-part under the assumption that X is connected. Let (g, a)
and (g˜, a˜) be Γ-cocycles with respect to some open cover of X, such that i∗(g, a) = (1, g, a) and
i∗(g˜, a˜) = (1, g˜, a˜) are equivalent. Thus, after a possible refinement of the open cover, there
exists equivalence data (e, h, v) satisfying (4’) to (6’). Reduced to the case uij = u
′
ij = 1,
these are
(4’) eii = 1.
(5’) vj = vi and t(eij) · hj · φvj (gij) = g˜ij · hi.
(6’) a˜ijk · α(g˜jk, eij) · ejk = eik · α(hk, ηvk(t(aijk), gjkgij)
−1 · fvk(aijk) · ηvk(gjk, gij)
−1)
The first part of (5’), together with the fact that X is connected, shows that there exists
u ∈ U with u = vi for all i ∈ I. We have (Fu)∗(g, a) = (g
′, a′) with
g′ij := φu(gij) and a
′
ijk := ηu(t(aijk), gjkgij)
−1 · fu(aijk) · ηu(gjk, gij)
−1. (A.4.2)
Under these definitions, the second part of (5’) and (6’) become exactly Eq. (A.3.1), showing
that (g, a) and (g′′, a′′) are equivalent.
In order to show the “if”-part, let (g, a) be a Γ-cocycle with respect to some open
cover of X. Let u ∈ U with associated crossed intertwiner Fu = (φu, fu, ηu). We
have (Fu)∗(g, a) = (g
′, a′) with g′ij and a
′
ijk defined exactly as in Eq. (A.4.2), and
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i∗(g
′, a′) = (1, g′, a′). We have to show that the (Γ ⋉ϕ U)-cocycles (1, g, a) and (1, g
′, a′)
are equivalent. Indeed, we employ equivalence data (e, h, v) with eij := 1, hi := 1 and vi := u.
Then, (4’) is trivial, (5’) is satisfied since vi = u = vj and φu(gij) = g
′
ij and (6’) is precisely
above definition of a′ijk.
The “if”-part of Lemma A.4.2 shows that the map i∗ : H
1(X,Γ) → H1(X,Γ ⋉ϕ U) is
constant on the U -orbits, i.e. it descents into the (set-theoretic) quotient H1(X,Γ)/U . Now
we are in position to formulate all properties of the sequence induced by Eq. (A.4.1) in non-
abelian cohomology.
Proposition A.4.3. Suppose a group U acts on a crossed module by crossed intertwiners.
Then, the sequence
H1(X,Γ)/U
i∗
// H1(X,Γ⋉ϕ U)
p∗
// Hˇ1(X,U) // 0
is an exact sequence of pointed sets, for all smooth manifolds X. If X is connected, then the
first map is injective.
Proof. First of all, p∗ is surjective, since a given Cˇech 2-cocycle uij : Ui ∩ Uj → U can be
lifted to a (Γ⋉ϕU)-cocycle (u, g, a) by putting gij = 1 and aijk = id. Second, the composition
p ◦ i : Γ → Udis is the trivial functor. In order to see exactness at H
1(X,Γ ⋉ϕ U), let
(u, g, a) be a (Γ ⋉ϕ U)-cocycle with respect to an open cover {Ui}i∈I of X. If we assume
that p∗(u, g, a) = u = 0, then there exist vi : Ui → U such that uij = v
−1
j · vi. We define
data (1, 1, vi) for an equivalence between (u, g, a) and another (Γ⋉ϕU)-cocycle (u
′
ij , g
′
ij , a
′
ijk),
which we define such that (4’) to (6’) are satisfied. We get u′ij = 1. By inspection, we
observe that any (Γ ⋉ϕ U)-cocycle (u
′, g′, a′) with u′ = 1 yields a Γ-cocycle (g′, a′) such that
i∗(g
′, a′) = (1, g′, a′). Finally, the injectivity of i∗ is the “only if”-part of Lemma A.4.2.
A.5 Equivariant crossed intertwiners
We suppose that F : Γ → Γ′ is a crossed intertwiner between two crossed modules Γ and
Γ′, on which a discrete group U acts by crossed intertwiners. The crossed intertwiners of the
actions are denoted by Fu : Γ→ Γ and F
′
u : Γ
′ → Γ′, respectively.
Definition A.5.1. The crossed intertwiner F is called strictly U -equivariant if
F ′u ◦ F = F ◦ Fu
for all u ∈ U .
Remark A.5.2. We write F = (φ, f, η) as well as Fu = (φu, fu, ηu) and F
′
u = (φ
′
u, f
′
u, η
′
u).
Then, the commutativity of the diagram splits into three conditions, namely
φ′u ◦ φ = φ ◦ φu and f
′
u ◦ f = f ◦ fu (A.5.1)
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as well as
η′u(φ(g1), φ(g2)) · f
′
u(η(g1, g2)) = η(φu(g1), φu(g2)) · f(ηu(g1, g2)) (A.5.2)
for all g1, g2 ∈ G.
A strictly U -equivariant crossed intertwiner F induces a semi-strict homomorphism
FU : Γ⋉ϕ U → Γ
′
⋉ϕ U
between the semi-direct products. Indeed, as a functor it is defined by FU := F × idUdis , and
its multiplicator is defined by
χ((g2, u2), (g1, u1)) := (χ(g2, Fu2(g1)), u2u1),
where χ is the multiplicator of F . Checking that all conditions for a multiplicator are satisfied
is again tedious but straightforward.
We go one step further and consider the induced map in cohomology,
(FU )∗ : H
1(X,Γ⋉ϕ U)→ H
1(X,Γ′ ⋉ϕ U).
We describe this map at the level of (Γ ⋉ U)-cocycle (u, g, a) in the formulation with the
crossed module Γ = (G,H, t, α) as in Appendix A.4. Thus, (u, g, a) consists of smooth maps
uij : Ui ∩ Uj → U , gij : Ui ∩ Uj → G and aijk : Ui ∩ Uj ∩ Uk → H
satisfying (1’) to (3’). The map induced by a general semi-strict homomorphism was de-
scribed in Appendix A.2; here it reduces to g′ij := φ(gij), u
′
ij := uij , and
α′ijk := η(t(aijk), gjkφujk(gij))
−1 · f(aijk) · η(gjk, φujk(gij))
−1.
B The Poincare´ bundle
In this section we recall and introduce required facts about the Poincare´ bundle. We work
with writing U(1) = R/Z additively. Basically, the Poincare´ bundle is the following principal
U(1)-bundle P over T2 = U(1) ×U(1). Its total space is
P := (R× R×U(1)) / ∼
with (a, aˆ, t) ∼ (a+ n, aˆ+m,naˆ+ t) for all n,m ∈ Z and t ∈ U(1). The bundle projection is
(a, aˆ, t) 7→ (a, aˆ), and the U(1)-action is (a, aˆ, t) · s := (a, aˆ, t+ s).
Remark B.1. The Poincare´ bundle P carries a canonical connection, which descends from
the 1-form ω˜ ∈ Ω1(R × R × U(1)) defined by ω˜ := adaˆ − dt. The curvature of ω is
pr∗1θ ∧ pr
∗
2θ ∈ Ω
2(T2), where θ ∈ Ω1(U(1)) is the Maurer-Cartan form. Since H∗(T2,Z)
is torsion free, this shows that the first Chern class of P is pr1 ∪ pr2 ∈ H
2(T2,Z), where
pri : T
2 → S1 is the projection, whose homotopy class is an element of [T2, S1] = H1(T2,Z).
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The Poincare´ bundle has quite difficult (non)-equivariance effects, which we shall explore
in the following. We let R2 act on T2 by addition, and let rx,xˆ : T
2 → T2 denote the action of
(x, xˆ) ∈ R2. It lifts to P in terms of a bundle isomorphism
Rx,xˆ : P→ P
defined by Rx,xˆ(a, aˆ, t) := (x+ a, xˆ+ aˆ, t+ axˆ). Equivalently, we can regard Rx,xˆ as a bundle
isomorphism R˜x,xˆ : P→ r
∗
x,xˆP over the identity on T
2. The lifts Rx,xˆ do not define an action
of R2 on P. Indeed, we find
Rx′,xˆ′(Rx,xˆ(a, aˆ, t)) = Rx′+x,xˆ′+xˆ(a, aˆ, t) · xxˆ
′.
In order to treat this “error”, we define ν : R2 × R2 → U(1) by ν((x′, xˆ′), (x, xˆ)) := xˆ′x, so
that
Rx′,xˆ′ ◦Rx,xˆ = Rx′+x,xˆ′+xˆ · ν((x
′, xˆ′), (x, xˆ)).
Equivalently, we have
r∗x,xˆR˜x′,xˆ′ ◦ R˜x,xˆ = R˜x′+x,xˆ′+xˆ · ν((x
′, xˆ′), (x, xˆ)).
Next, we restrict to Z2 ⊆ R2. For (m, mˆ) ∈ Z2 the bundle morphism Rm,mˆ covers the identity
on T2, and it is given by multiplication with the smooth map
fm,mˆ : T
2 → U(1) : (a, aˆ) 7→ amˆ−maˆ.
Since the restriction of ν to Z2 × Z2 vanishes, this is a genuine action of Z2 on P.
Next we generalize the Poincare´ bundle to n-fold tori. Let B ∈ so(n,Z) be a skew-
symmetric matrix. We define the principal U(1)-bundle
PB :=
⊗
1≤j<i≤n
pr∗ijP
⊗Bij
over Tn, where prij : T
n → T2 denotes the projection to the two indexed factors. Braiding of
tensor factors gives a canonical isomorphism PB1+B2
∼= PB1⊗PB2 , and we have P0 = T
n×U(1).
Hence, assigning to B the first Chern class of PB is group homomorphism
so(n,Z)→ H2(Tn,Z) : B 7→ c1(PB).
Via the Ku¨nneth formula it is easy to see that it is an isomorphism.
For a = (a1, ..., an) ∈ R
n we define a map RB(a) : PB → PB tensor-factor-wise as
Rai,aj : P → P; this is a U(1)-equivariant smooth map that covers the action of R
n on Tn by
addition. We have from the definitions
RB(a
′) ◦RB(a) = RB(a
′ + a) · 〈a|B|a′〉low. (B.1)
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If we denote by R˜B(a) : PB → r
∗
aPB the corresponding bundle morphism over the identity of
T
n, then we can rewrite Eq. (B.1) as
r∗aR˜B(a
′) ◦ R˜B(a) = R˜B(a
′ + a) · 〈a|B|a′〉low. (B.2)
Concerning the restriction to integers m ∈ Zn, we note that RB(m) acts factor-wise as Rmi,mj ,
i.e. by multiplication with the smooth map fmi,mj : T
2 → U(1). Thus, RB(m) is multiplica-
tion with the map
fm : T
n → U(1) : a 7→ 〈a|B|m〉 (B.3)
In particular, we obtain from Eq. (B.2) and Eq. (B.3)
R˜B(a+m) = R˜B(a) · (|B|m〉 − 〈m|B|a〉low). (B.4)
Remark B.2. The Poincare´ bundle P has a smooth section χ : R2 → P : (a, aˆ) 7→ (a, aˆ, 0)
along the projection R2 → T2, whose transition function is ((a + m, aˆ + mˆ), (a, aˆ)) 7→ maˆ.
The pullback of PB along R
n → Tn has an induced section whose transition function is
R
n ×Tn R
n → U(1) : (a+m,a) 7→ 〈m|B|a〉low.
This clarifies how PB can be obtained from a local gluing process.
Finally, we reduce the previous consideration to the matrix
Bn :=
(
0 −En
En 0
)
∈ so(2n,Z).
The corresponding principal U(1)-bundle over T2n is called the n-fold Poincare´ bundle and
denoted by Pn := PBn . Note that for n = 1 we get P1 = pr
∗
21P
∼= P∨. We write
R˜(a, aˆ) : Pn → r
∗
a,aˆPn for the bundle isomorphism R˜B(a, aˆ). We have from Eq. (B.2)
r∗a,aˆR˜(a
′ ⊕ aˆ′) ◦ R˜(a⊕ aˆ) = R˜((a′ + a)⊕ (aˆ′ ⊕ aˆ)) · aˆa′,
and Eq. (B.4) becomes
R˜((a+ n)⊕ (aˆ+ mˆ)) = R˜(a⊕ aˆ) · ηm,mˆ,a,
with a smooth map ηm,mˆ,a : T
2n → U(1) defined by
ηm,mˆ,a(x, y) := 〈x⊕ y|B|m⊕ mˆ〉 − 〈m⊕ mˆ|B|a⊕ aˆ〉low = −xmˆ+my − amˆ.
Remark B.3. The connection of Remark B.1 induces a connection on the n-fold Poincare´
bundle Pn of curvature
n∑
i=1
pr∗i+nθ ∧ pr
∗
i θ ∈ Ω
2(T2n),
and the transition function of Remark B.2 reduces to (x + z, x) 7→ [z, x] in the notation of
Section 3.2, where x ∈ R2n and z ∈ Z2n.
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